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ТҮЙІН
Диссертациялық жұмыс 60 бет, 44 сурет, 14 әдебиеттер тізімінен тұрады.
Кілттік сөздер: деформация, серпімді элементтер, математикалық модель,
визуализация, айналу бұрышы, бұралу бөлімі.
Жұмыстың мақсаты - еркіндік дәрежесі шексіз динамикалық
деформацияланатын жүйелерді модельдеу.
Тақырып өзектілігі. Серпімді элементтері бар жүйелер деформация
заңдылықтарын, зақымдануын және әртүрлі табиғат материалдарының бұзылу
процестерінің заңдарын, сондай-ақ әртүрлі әсерлерді (механикалық, статикалық
және динамикалық пассивті және белсенді әсерлерде, газ және сұйық ортада, әр
түрлі табиғат өрісінде және т.б.) зерттейді. Динамикалық жүйелердің серпімді
элементтерінің
деформациясы
жекелеген
элемент
қозғалысының
траекториясына өзгеруіне әкелуі мүмкін, бұл жүйенің барлық элементтері өзара
байланысты болғандықтан, өз кезегінде бүкіл жүйенің қозғалысы кезінде
қателерге алып келеді. Демек, қатты дененің серпімді деформациясын ескере
отырып, оның динамикасын модельдеу өте маңызды және практикалық маңызы
бар. Олсыз елеулі конструкцияларды жобалау мүмкін емес.
Зерттеу
жұмысының
нысаны
динамикалық
жүйелердің
желі
элементтерінің деформациясы және олардың тербеліс процестері болып
табылады.
Зерттеу әдісі заманауи аппараттық-есептеу құралдарын және ғылымизерттеу нәтижелерін, визуализация пакеттерін пайдалана отырып,
математикалық және компьютерлік модельдеу.
Диссертациялық жұмыс серпімді элементтерінің серпімді қасиеттерін
ескере отырып, жоғары жылдамдықты жүйелердің динамикасын модельдеуге
арналған. Зерттелген математикалық модельдер негізінде құрылымдардың
деформация процесін бейнелеуге болады. Эксперименттік және есептік
деректер арасындағы салыстырмалы талдау жүргізілді. Зерттеу нәтижелері
графикалық түрде бейнеленген.
Практикалық маңыздылығы. Қазіргі замандағы технологиялық прогресстін
жылдам артуы жаңа технологиялар мен материалдарды пайдалануымен
сипатталады. Бұл зерттеушілерден конструкторлық және параметрлік
жобалаудың бастапқы кезеңінен бастап шешімдерді неғұрлым нақты ететін
есептеулердің сенімділігін тексеруді талап етеді. Сондықтан ерттеушілер мен
дизайнерлер алдында теориялық есептеулердің жаңа мәселелері пайда болды,
олар қажетті дәлділікпен белгілі әдістермен шешілмейді. Осыған байланысты
зерттелетін объектілердің математикалық үлгілерін және оларды есептеу
әдістерін жетілдіру қажет болады.
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РЕЗЮМЕ
Настоящая диссертация содержит 60 страниц, 44 рисунков, список
литературы состоящих из 14 наименований.
Ключевые слова: деформация, упругие элементы, математическая модель,
визуализация, угол скручивания, поворот сечения.
Целью работы является моделирования динамических деформируемых
систем с бесконечным числом степеней свободы.
Актуальность темы. Известно, что динамика систем с упругими
элементами изучает закономерности процессов деформирования, повреждения
и разрушения материалов различной природы, а также их напряженнодеформированное состояние при различных воздействиях (механических,
тепловых, статических и динамических воздействиях в пассивных и активных,
газовых и жидких средах, полях различной природы и др.). Деформирование
упругих элементов динамических систем может привести к погрешности в
траектории движения отдельного элемента, что в свою очередь ведет к
погрешностям движения всей системы в целом, так как все элементы системы
взаимосвязаны. Поэтому учет упругого деформирования твердого тела при
моделировании его динамики черезвычайно актуален и имеет огромное
практическое значение. Без него невозможно серьезное проектирование
конструкций.
Объектом исследования является деформирование стержневых элементов
динамических систем и их колебательных процессов.
Методом исследования является математическое и компьютерное
моделирование с применением квази-аналитических методов механики
деформирования твердого тела и пакетов визуализации результатов
исследования.
Работа посвящена моделированию динамики высокоскоростных систем с
учетом упругих свойств упругих элементов. Показано, что на основании
расмотренных математических моделей, можно визуализировать процесс
деформирование конструкций. Проведен сравнительный анализ между
экспериментальными и вычислительными данными. Результаты исследований
представлены иллюстративно в виде графиков.
Практическая
значимость.
Современный
технический
прогресс
характеризуется ростом скоростей, а также применением новых технологий и
материалов. Это требует от разработчиков достоверности расчетов,
обеспечивающих более обоснованный отбор альтернативных решений еще на
начальной стадии проектирования, выбора критериев для структурной и
параметрической оптимизации. Перед исследователями, конструкторами и
проектировщиками ставятся новые задачи теоретических расчетов, которые не
могут быть решены известными методами нужной полнотой и точностью. В
связи с этим возникает необходимость совершенствования математических
моделей исследуемых объектов и методов их расчета.
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SUMMARY
This dissertation work contains 60 pages, 44 figures, bibliography consisting of
14 items.
Keywords: deformation, elastic elements, mathematical model, visualization,
twisting angle, angle of rotation.
The aim is to research mathematical models of the dynamic deformable systems
with an infinite number of degrees of freedom.
Actuality of the theme. It is known that the dynamics of systems with elastic
elements studies the laws of the processes of deformation, damage and destruction of
materials of various nature, as well as their stress-strain state under various influences
(mechanical, thermal, static and dynamic effects in passive and active, in gas and
liquid, various fields of nature and etc.). Deformation of the elastic elements of
dynamic systems can lead to an error in the trajectory of the motion of an individual
element, which leads to errors in the motion of the entire system as a whole, since all
elements of the system are interrelated. Therefore, taking into account the elastic
deformation of a solid body in modeling its dynamics is extremely relevant and has
great practical importance. Without it, serious design is impossible.
The objects of the research are deformation of the rod elements of dynamic
systems and their oscillatory processes.
The subjects of research are mathematical and computer modeling, using
modern hardware and computational tools and visualization packages of research
results.
The work is dedicated to modeling the dynamics of high-speed systems taking
into account the elastic properties of elastic elements. It is shown that on the basis of
the examined mathematical models, it is possible to visualize the process of
deformation of structures. Comparative analysis between experimental and
computational data is carried out. The results of the studies are illustrated graphically.
Practical significance. Modern technical progress is characterized by the
increase of speed, as well as the application of new technologies and materials. And it
requires from the developer of the calculations to find alternative solutions to the
initial stage of projecting, and selection criteria for the structural and parametric
optimization. So, researchers and project designers have new problems in solutions
and calculations, which can’t be solved accurate by known methods. Thus, appears
improbability to improve the mathematical models of experimental objects and
methods of calculations.
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SYMBOLS AND ABBREVIATIONS

u( x, t ) – translational displacement of the cross-section along the axis x ;
v1 ( x, t ), w1 ( x, t ) – displacement of the bending center of the cross-section along the
axes due to bending;
v2 ( x, t ), w2 ( x, t ) – displacement of the bending center of the cross section along the
axes due to shear;
 ( x, t ) – angle of rotation of the section with respect to the bending center;
 (1 , 1 ) – torsion function, depending on the shape of the section;
G I p - torsional rigidity of the shaft;
 I p - moment of inertia of a shaft unit;
 i ,  e - the coefficients characterizing the internal and external friction, respectively;
 ( x, t ) - angle of twisting in some section of the shaft;
F ( x, t ) - intensity of the external twisting moment;
1 , 2 , 3 - coefficients of elongation in three main directions;
X i (t ), Yi (t ), i (t ) – determine the kinematics of the mechanism, i.e. flat motion of the
undeformed i element relative to the inertial (global) coordinate system OXY ;
oi xi yi – a mobile coordinate system associated with the i -th link and describing its
deformed configuration (local coordinate system);
 , j – the units of the mobile coordinate system;
ui , vi – longitudinal and transverse displacement of the i -th link in the section as a
result of deformation of the link, respectively;
v( L1 , t ) – transverse deflection at the end of the cantilever beam;
L1 – length of the leading
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INTRODUCTION
Relevance of the topic. The solution of the problems of modern science is
inextricably linked with mathematical modeling, the essence of which is to replace
the original object (phenomenon, process, etc.) in its "image" - a mathematical model
and its further study with the help of computer and computing technologies.
When creating new technical devices, several possible variants of design
solutions (alternatives) are usually considered. First, some initial amount of necessary
information is formed. Then, design calculations and selection of alternative models
are carried out.
Modern technological progress is characterized by increasing speeds, as well
as the use of new technologies and materials. This requires developers to verify the
reliability of calculations that provide a more reasonable selection of alternative
solutions at the initial stage of design, selection criteria for structural and parametric
optimization. In front of the researchers, constructors and designers are put new
problems of theoretical calculations, which can not be solved by known methods with
the necessary completeness and accuracy. In this connection, it becomes necessary to
improve the mathematical models of the objects under study and the methods for
calculating them. The level of modern computer technology and methods of
numerical analysis makes it possible to carry out a computer experiment of
prototypes on a PC [1].
The aim is to research mathematical models of the dynamic deformable
systems with an infinite number of degrees of freedom.
The objectives of the study include:
1) mathematical modeling of physical nonlinear media and their practical
application to the core elements;
2) mathematical modeling of geometric nonlinear media and their practical
application to the rod elements;
3) numerical analysis of the crockery oscillatory shaft rubber-core material;
The objects of the research are deformation of the rod elements of dynamic
systems and their oscillatory processes.
The subjects of research are mathematical and computer modeling, using
modern hardware and computational tools and visualization packages of research
results.
The scientific novelty is to develop a model of the dynamics of shafts from
physical nonlinear materials with the use of elastic potentials of Treloar and
Barteniev-Khazanovich.
Theoretical and practical significance of the research
It is known that the dynamics of systems with elastic elements studies the laws
of the processes of deformation, damage and destruction of materials of various
nature, as well as their stress-strain state under various influences (mechanical,
thermal, static and dynamic effects in passive and active, in gas and liquid, various
fields of nature and etc.). Deformation of the elastic elements of dynamic systems can
lead to an error in the trajectory of the motion of an individual element, which leads
to errors in the motion of the entire system as a whole, since all elements of the
system are interrelated. Therefore, taking into account the elastic deformation of a
8

solid body in modeling its dynamics is extremely relevant and has great practical
importance. Without it, serious design is impossible.
The refinement of the mathematical model of the object, as a rule, is associated
with its complication. In applied problems of natural science - this is an increase in
the dimension of the problem, the nonlinearity of the equations of state.
The increase in the dimension of the model is caused by the need to represent
dynamical systems as systems with distributed parameters, i.e. with an infinite
number of degrees of freedom. Thus, in modeling problems of theoretical and applied
mechanics, the main assumption is the assumption of the systems under consideration
by absolutely rigid bodies. Strictly speaking, all the structural elements and nodes of
dynamic systems in the process of their accumulation are deformed and have elastic,
elastic and viscous plastic properties, depending on the type of their loading and
design features.
On the other hand, it is not always possible and necessary to take into account
the elastic properties of the environment, which significantly complicate
mathematical modeling and solving the problems of machine dynamics.
For the case of motion of systems at low velocities and with the action of small
static forces, it is possible to model the dynamics of machines under the assumption
of absolute rigidity of their elements.
In most cases, such an idealization is inadequate and does not reflect the actual
conditions of their work. There are a number of problems where taking into account
the defamation properties of the system is of fundamental importance, and such an
improvement in the mathematical model of dynamical systems does not reflect the
real reality of the occurring phenomena. This is a simulation of the movement of
robots and manipulators, where the accuracy of positioning is of fundamental
importance; high-speed mechanisms and machines with large variable inertial forces;
mechanisms and machines with variable axial forces, as well as with kinematic
chains containing flexible elastic elements in the form of cable or belt gears, elastic
elements made of rubber, rubber, plastic in the form of vibration dampers, etc. All of
them experience rather large (finite) deformations. Their dynamics depends on the
elastic properties of these elements and is determined by the set of equations not only
of analytical mechanics, but also the mechanics of the deformed solid.
The developed methods and algorithms are implemented as software in the
"Universal Mechanism" software package for modeling the dynamics of the systems
of bodies.
At present, engineers and researchers have to face many tasks that require a lot
of expenses for experiments or that can not be solved analytically. Existing packages
of programs of computer-aided design systems, significantly expanding the range of
tasks that are available for analysis. The results obtained with the help of these
methods are widely used in many fields of science and technology.
The mechanics of the contact interaction of solid deformable bodies is also
topical at the moment. All structures and mechanisms consist of parts that interact
with each other, but how contact forces are distributed between them are not known
in advance, which in turn are the result of solving contact problems. The law of
changing the contact pressure over the contact area helps to determine the boundary
conditions in the stresses on the surfaces of bodies and to solve more simple
9

problems in determining the stress-strain state inside bodies that interact with each
other.
The displacement of the point under consideration depends on the deformation
of all the loaded areas of the body and also includes the displacement of a rigid whole
of unloaded regions. Therefore, the displacements can not characterize the degree of
deformation in the vicinity of the point under consideration. For this, the concept of
deformation is used. In some cases, their values may coincide (stretching the rod), but
in the general case, these are different things.
Let us dwell on one more important point. Very often confuse two concepts "deformation" and "displacement" - although it is clear that they are not adequate. For
example, imagine a rope attached to the ceiling. A man climbed a rope to a certain
height. It is obvious that under the influence of the weight of a person (neglecting the
weight of a rope) only the upper part of the rope, which is enclosed between the
ceiling and the place where the person is, is deformed (stretched). The lower part of
the rope is not deformed, but moves like a solid body. Consequently, it is not always
the displacement of sections of a section of the rod that is directly related to its
deformation.
Deformations are divided into reversible (elastic) and irreversible (inelastic,
plastic, creep). Elastic deformation disappears after the end of the applied forces, and
irreversible remain. The basis of the elastic deformations are reversible displacement
of the atoms of the body from the equilibrium position (in other words, the atoms do
not go beyond the atomic bonds); irreversible — irreversible movement of atoms at a
considerable distance from the original equilibrium positions (i.e., beyond the
interatomic bonds, after removal of the load reorientation to a new equilibrium
position).
Deformation is called elastic, if it disappears after removing the load that
caused it (that is, the body returns to its original dimensions and shape), and plastic, if
after removing the load deformation does not disappear (or disappears not
completely).
All real solids, when deformed to a greater or lesser extent, have plastic
properties. Under some conditions, the plastic properties of bodies can be neglected,
as is done in the theory of elasticity. A rigid body with sufficient accuracy can be
considered elastic, that is, it does not detect noticeable plastic deformations until the
load exceeds a certain limit (the limit of elasticity).
The nature of plastic deformation can be different depending on the
temperature, duration of the load or strain rate. Under constant stress applied to the
body, deformation changes over time; this phenomenon is called creep. As the
temperature rises, creep speed increases. Special cases are the creep relaxation and
elastic aftereffect. One of the theories explaining the mechanism of plastic
deformation is the theory of dislocations in crystals.
Measurement of deformation is performed either in the process of testing
materials to determine their mechanical properties, or when examining the structure
in kind or on models for judging the stress values. Elastic deformations are very
small, and their measurement requires high accuracy. Measurement of deformations
is called strain gauge; Measurements are usually made using strain gauges. In
addition, resistive strain gauges, a polarization-optical method for studying voltage,
10

and X-ray structural analysis are widely used. To judge the local plastic
deformations, use knurling on the surface of the mesh product, covering the surface
with an easily cracked varnish or brittle spacers, etc.
The modeling of such problems is connected with the multidimensionality of
the model. In addition, the model can also be non-linear due to large inertial forces,
the presence of nonlinear dissipative forces in high-speed systems, as well as the
nonlinear characteristics of a system of geometric and physical nature.
The obtained results and methods can be used for effective numerical modeling
of various applied dynamic problems associated with large displacements and
deformations of elastic structures consisting of beams and plates, for example
helicopter blades, cable systems, conveyor belts, as well as systems of bound
deformed and absolutely rigid bodies.
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I GEOMETRICAL NONLINEAR MODELS OF FLEXIBLE AND ELASTIC
ELEMENTS
1.1 Geometry of deformation. Novozhilov’s theory
The methods of forming the equations of motion for absolutely rigid bodies
and their systems have been considered since the very appearance of mechanics as a
science and therefore have a rich background and are well developed. The
development of the modeling of the dynamics of systems of deformable bodies in the
middle of the 20th century was caused by the birth and development of computer
technology and began with problems with small deformations and in the absence of
large motions of bodies as solid. In recent decades, the efforts of many researchers
have focused on solving problems that combine arbitrary spatial motion of elastic
structures and their large relative deformations, as well as the connection of
absolutely rigid and elastic bodies into unified systems. Analysis of complex systems
becomes impossible without the use of effective numerical methods, oriented to
computer technology. Therefore, the improvement of methods for modeling systems
of absolutely rigid and deformable bodies, taking into account the possibility of their
arbitrary spatial motion, large relative deformations and large dimensionality of
systems, is an urgent task.
Deformations can be angular and linear.

Fig. 1.1. Linear and angular deformations, their sum gives full deformation.
Deformations are divided into elastic and plastic (residual).
1. Elastic deformations are deformations that disappear after the removal of
the forces that caused them.
2. Plastic deformations are deformations that do not disappear after the
removal of the forces that caused them.
Under multi-component mechanical body refers to an arbitrary set finite
number of solids and elastic bodies, in return the movement of which may be
restricted mechanical connection. Between the bodies systems we can also be carried
out by force assistance, and the system may be subject to the external force effects.
The reflecting motion of bodies in accordance with these dependencies. At the level
of a formal submission multi-component mechanical system of the following main
elements: elastic bodies, mechanical connections, power elements.
12

The identification of the configurations of the deformed and undeformed states
of a body in the classical theory of elasticity is not necessitated and serves as an
additional hypothesis that limits the scope of this theory. This difference, first noted
by Kirchhoff, is the basis of the theory of finite deformations of Novozhilov [2].
Let us consider the basic geometric properties of deformation. To do this, we
set the position of the points of the body in its original state (that is, before
deformation) and their positions after deformation (final state). It is necessary to
determine the change in the distance between two arbitrary infinitely close points of
the body, caused by the transition from the first state to the second. The question is
posed purely geometrically. At its consideration, neither the reasons causing these
changes, nor the law by which the body resists them are at all important.
We introduce a rectangular coordinate system X, Y, Z [2]. Consider the change
in the length of the linear element (Fig. 1.2).
Let MN be a linear element before deformation, and M  N  after
deformation. Let us agree to call the fiber of a body the totality of its points located
along some line, and the linear element of the body is a differentially small segment
of a fiber. Then the coordinates of its ends are given as follows: M (x, y, z) and N(
x + dx, y + dy, z + dz ) (Fig. 1.2).

Fig. 1.2 Scheme of deformation of a linear element.
After deformation, the unit element MN becomes an element M  N  . This
13



means that the point M (x, y, z) goes to the point M ( , ,  ) , and the point N(


x + dx, y + dy, z + dz ) to the point N ( + d  , + d ,  + d  ) , where

 = x + u ( x, y, z ),
 = y + v( x, y, z ),
 = z + w( x, y, z ).

(1.1)

Depending on the loads applied to the body, several types of deformation are
distinguished, which differ in the law of stress distribution over the section of the
body.
Tension-compression in the cross section there is only one internal force, not
equal to zero — longitudinal force. Design In this case we speak of linear
deformation of the structure (characterized by the absolute and relative elongation,
the remaining deformations are neglected).
Net shift in the cross-section acts only transverse force. In this case, the linear
relative deformations are equal to zero, the shear angles are not equal to zero
(characterized by a change in shape)
Torsion only torque is applied in the cross-section. Linear relative deformation
is equal to zero, the angle shift is not equal to zero.
Bend in the cross-section act bending moment and transverse force.
Complex resistance simultaneous action of several types of simple
deformations-stretching-compression, torsion, bending.
For each of these types of deformation, there are formulas for calculating the
strength.
Then the length of the unit element before deformation can be represented as:
MN

2

2

2

2

2

= ds = dx + dу + dz ,

(1.2)

 2
2
2
2
2
M N
= ds = d + d + d ,

(1.3)

From the formula (1.1) it follows that:
 + d = x + dx + u ( x, y , z ) + du ,
 + d = y + dy + v ( x, y , z ) + dv, ,
 + d = z + dz + w( x, y , z ) + dw.

(1.4)

Then, opening the differentials in (1.4), one can obtain:
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d  = dx +

u
u
u
u
u
 u 
dx +
dy +
dz = 1+  dx +
dy +
dz ,
x
y
z
y
z
 x 

d = dy +

 v 
v
v
v
v
u
dx +
dy +
dz =
dx + 1+  dy +
dz ,
x
y
z
x

z

y



d  = dz +

(1.5)

w
w
w
w
w
 w 
dx +
dy +
dz =
dx +
dy + 1+  dz .
x
y
z
x
y
 z 

The difference in the values of the linear element after deformation and before
deformation characterizes its absolute elongation:
2
 2
2
2
M N
− MN = ds − ds ,

(1.6)

Substituting in (1.6) the formulas (1.5), (1.2), and (1.3), we have:
2
 2
2
2
2
M N
− MN = 2( xx dx +  yy dy +  zz dz +  xy dxdy +
+ xz dxdz +  yz dydz ),

,

(1.7)

where
u 1  u 2  v 2  w 2 
,
 xx =
+ 
+
+
x 2  x   x   x  


2
2
2
v 1  u   v   w  

,
 yy =
+
+
+
y 2  y   y   y  


w 1  u 2  v 2  w 2 
,
 zz =
+ 
+
+
z 2  z   z   z  


u

v

u u

v v

w w

u

w

u u

v v

w w

w

v

u u

v v

w w

 xy =  yx =
+
+
+
+
,
y x x y x y x y

(1.8)

 xz =  zx =
+
+
+
+
,
z x x z x z x z
 yz =  zy =
+
+
+
+
.
y z y z y z y z
- components of the strain tensor.
They are nonlinearly dependent on the derivatives of displacement functions,
which is the basis of the nonlinear theory of deformations. Linearizing the system
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(1.8), we can go over to the basic relations of the linear thorium of elasticity.
We introduce the concept of relative elongation at the point M in the direction
of the point N, given by:
EMN =

M  N  − MN
MN

ds − ds
=
,
ds

(1.9)

Substituting the formula (1.9) into (1.7), we obtain:

 1

EMN 1 + EMN  ds 2 =  xx dx 2 +  yy dy 2 +  zz dz 2 +
 2

,
+ xy dxdy +  xz dxdz +  yz dydz

(1.10)

or

 1

EMN 1 + EMN  =  xx  2 +  yy  2 +  zz 2 +
 2

+ xy  +  xz  +  yz 

,

(1.11)

where  ,  ,  are the cosines defining the direction of the linear element are
understood as MN :

=

dx
ds

,

=

dy

,  =

ds

dz
ds

,

(1.12)

Let  = 1,  = 0,  = 0 , then
 1 
E x 1+ Ex  =  xx ,
 2 

(1.13)

It follows from (1.13) that

E x = 1 + 2 xx − 1 ,

(1.14)

- is the relative elongation of the fiber parallel to the deformation of the OX axis.
Similarly, we obtain the relative elongation of a fiber parallel to the deformation of
the OY and OZ axes, respectively:
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E y = 1 + 2 yy − 1 ,
(1.15)

E z = 1 + 2 zz − 1 .
The six components of the strain tensor  ij , associated with displacements
u ( x, y , z ), v ( x, y , z ), w( x, y , z ) by formula (1.8), fully characterize its deformation,

since knowing them, it is possible to determine the shear angles and the relative
elongation. Equality to zero of  ij is equivalent to the absence of deformations, i.e.
the body is absolutely solid.
Along with the deformation components, it is expedient to introduce 9
parameters, defined as:

exx

=

u
x

,

e xy = e yx =
e yz = e zy =

x =

e yy =
u
y
v
z

+
+

v
y

v
x
w
y

,

e zz =

w
z

,

, e xz = e zx =

u
z

+

w
x

,

(1.16)

,

1  w v 
1  u w 
1  v u 
 −  ,  y =  −  , z =  −  .
2  y z 
2  z x 
2  x y 

Here, eii means the relative elongation of a fiber parallel to the i - axis, and the
i - angle of rotation of the fiber relative to the i - axis. Values of eij have no
geometric meanings.
And from the formula (1.16) the following dependences follow:
u
u 1
u 1
=e ,
= e − ,
= e + ,
xx y 2 xy
z z 2 xz
y
x
v 1
= e + ,
z
x 2 xy

w 1
= e − ,
y
x 2 xz

i
v
v 1
=e ,
= e − ,
yy z 2 yz
x
y

(1.17)

w 1
w
= e + ,
=e
x z
zz.
y 2 yz

Passing to the relative elongations eii and angles of rotation i in (1.8)
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according to (1.17), the components of the strain tensor can be represented more
clearly in the physical sense by the parameters:

 xx = e xx +

1

exx


2

2

1

+  e xy +  z 
2


2

2
1
 
+  e xz −  y  
2
 

. . . . . . . . . . . . . . . . . . . . . . .

1
2




1
2




 xy = e xy + e xx  e xy −  z  + e yy  e xy +  z  +

(1.18)

1
 1

+  e xz −  y  e yz +  x  ,
2
 2

1.2 Construction of the dynamic model based on the Ostragradskii-Hamilton
principle
Dynamic model — the theoretical structure (model) that describes the state
changes of the object. A dynamic model can include a description of stages or phases
or a diagram of subsystem. Often has mathematical expression and is used mainly in
social sciences (for example, in sociology) dealing with dynamic systems, but the
modern paradigm of science contributes to the fact that this model is also widespread
in all sciences without exception, including natural and technical. The dynamic model
describes a system with different energy accumulators represented in the form of
mathematical operations of summation, integration and differentiation. For example,
the potential and kinetic energy of the mechanical motion of a massive object. Such
models in the theory of automatic control are constructed in the form of transfer
functions.
The mathematical model in which in one form or another the cause-effect
relations defining process of transition of system from one state to another are
revealed, is called dynamic model.
Modeling on the basis of variational principles in its breadth and universality is
comparable in its capabilities with modeling based on the fundamental laws of nature
[3]. Variational principles say that out of all possible variants of the behavior of the
object being studied, only those that satisfy a certain condition are selected: usually
these conditions are the conditions of the extremum of the object parameters of
interest to us.
The principle of Ostrogradsky-Hamilton (also just the principle of Hamilton),
more precisely the principle of stationary action is a way to obtain the equations of
motion of a physical system with the search of stationary (often extremal, usually in
connection with the established tradition of determining the sign of the action, the
smallest) values of special functions.
The principle of stationarity of action is the most important among the family
of extreme principles. Not all physical systems have equations of motion that can be
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obtained from this principle, but all the fundamental interactions obey him, and
therefore this principle is one of the key provisions of modern physics.
One of the most common variational principles is the Ostrogradsky-Hamilton
principle [4]:
t2

  (T + U + P ) dt = 0 ,

(1.19)

t1

where T is the kinetic energy of the system, U is the potential energy, P is the
potential of external forces.
a) Determination of kinetical energy.
The kinetic energy of the elements is determined as follows:

T=

1
2

  ( RR) dV ,

(1.20)

where R is the radius vector that determines the position of the element after elastic
deformation in the inertial coordinate system.
The position of the points of the i-th link of the deformed mechanism in the
inertial coordinate system OXY is determined by the radius vector R i :

R i =  X i cos i + Yi sin i + xi + ui  +
+ Yi cos  i − X i sin i + vi  j

,

(1.21)

where
X i (t ), Yi (t ), i (t ) – determine the kinematics of the mechanism, i.e. flat motion of the

undeformed i element relative to the inertial (global) coordinate system OXY ;
oi xi yi – a mobile coordinate system associated with the i -th link and describing its
deformed configuration (local coordinate system);
 , j – the units of the mobile coordinate system;
ui , vi – longitudinal and transverse displacement of the i -th link in the section as a
result of deformation of the link, respectively.
Then
mi li
2
Ti =
 ( X i cos i + Yi sin i + ui − vii ) dx +
2 0
,
mi li
2
+
 (Yi cos i − X i sin i + vi + xii + uii ) dx
2 0
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(1.22)

b) Determination of potential energy
The potential energy of deformation is given by the Clapeyron formula:
1
U =  ФdV =   jk  jk dV ,
2V
V

(1.23)

If mathematical physics of the last century operated mainly by linear equations,
t in the current century, especially starting with the second quarter tag, the situation
changed dramatically: the needs of various fields of technology are increasingly
forced to address fight to nonlinear problems. Reality fully applies to the theory
elasticity, since in the framework of the classical (linear) theory elasticity can not be
properly interpreted, a number of issues, associated with the calculation of the
deformation of rods, plates and shells, so those little elastic stiffness (completed and
special plastic.) In addition, it should be noted that the main variants of the theory of
plasticity creatures identical to the one variants of the nonlinear theory of elasticity.
This subsection considers the model of elastic deformation of elements with
allowance for finite deformations is constructed for the general spatial case in the
framework of the theory of finite deformations of Novozhilov. To solve problems of
dynamic analysis of systems, it is more expedient to model the model in
displacements, and therefore, the elastic functional Ф characterizing the stress-strain
state is given for an isotropic body with an elastic material (physical linearity)
through the strain tensor [5]:
Ф = G[ xx +  yy +  zz +
2

2



2

1 − 2

( xx +  yy +  zz ) +
2

,

(1.24)

+2( xy +  yz +  zx )]
2

2

2

Passing from the strain tensor to the components of the elastic displacement U ,
V , W according to the formula (1.8), we can obtain the following expression for the
functional Ф [5]:




Ф = G 1 +




2
 ( + U x x +  x + V y y +
1 − 2 
2

 2y + Wz z +  z2 ) +

((Wz + 0,5 z ) 
1 − 2
(U x + V y + 0,5 x + 0,5 y ) + (U x + 0,5 x ) 
(V y + 0,5 y )) +

(

1
(U y  x + Vx  y + WxW y
2

)

2

(1.25)
+

+ (Vz  y + W y  z + U yU z ) + (Wx  z + U z  x + VxVz ) )  ,
2

2
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where the indices for the components of the elastic displacement U ( x , y , z , t ) ,
V ( x, y , z , t ) and W ( x, y , z , t ) denote the differentiation of these functions with
respect to the indicated variables, and the following notation is introduced:

 = U x2 + Vy2 + Wz2 ;

x = 1 + U x;

 x = U x2 + Vx2 + Wx2 ;

 y = 1 + Vy ;

 y = U y2 + Vy2 + Wy2 ;

 z = 1 + Wz ;

(1.26)

 z = U z2 + Vz2 + Wz2 ;
In the case of simplifications of the model by V.V. Novozhilov it is more
convenient to represent the functional with respect to elongations, shifts and angles of
rotation:
Ф=

G (1 −  ) 
1 − 2

2
2 2
( exx + 0,5( y + z )) + ( e yy +

+0,5( x +  z )) + (ezz + 0,5( x +  y ))  +
2

+

2

2

2

2

2

2G

(exx + 0,5( y 2 +  z 2 )) 
1 − 2 

(e yy + 0,5( x +  z )) + (exx + 0,5( y +  z )) 
2

2

2

2

(1.27)

(ezz + 0,5( x +  y )) + (e yy + 0,5( x +  z )) 
2

2

2

2

(ezz + 0,5( x +  y ) + 2G (exy −  x y ) +
2

2

2

2
2
+ (e yz −  y z ) + (exz −  z x )  ;

Expressions (1.24) and (1.25) are non-linear in nature and give an overall
picture of the deformation in the neighborhood of an arbitrary point of the body-the
case of finite deformations (geometric nonlinearity). By imposing certain restrictions
and simplifications on the nature of the deformation of the body, depending on its
design parameters and loading type, one can go on to particular cases, for example,
flat and one-dimensional problems, known relations and equations of the classical
theory of elasticity.
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II CONSTRUCTION OF A DYNAMIC MODEL OF ELASTIC SYSTEM
FOR FINITE DEFORMATIONS
2.1 The main types of rod elements and kinematic pairs
Rod - a body of an elongated shape, two sizes of which (height and width) are
small compared to the third size (length) in the same sense, sometimes use the term
"bar", and the term "rod" is called elongated body, which resists only compression
and tensile forces (as opposed to the beam, which works mainly on bending).
The rod is conventionally represented as a set of parallel or nearly parallel to
the longitudinal fibers. The cross-section of a rod, normal to fibers, is called a crosssection. The geometric place of the points passing through the centers of gravity of
cross-sections is called the axis of the rod.
The main purpose of the rods-to perceive the axial (tensile and compressive
forces), as well as bending moments. A special case of the rods are flexible strands
that only work in tension, not providing resistance to compression and bending.
The rod working mainly on a bend, is called a beam or a bar. The vertical rod,
working mainly on axial force, called a stand, or column, and inclined rod-brace. The
horizontal bar working on compression, is called a strut, and on stretching-tightening.
In the form of the axis distinguish between straight, curves and broken rods. A
straight rod can have a constant and variable cross-section, including a cross-section
that changes step by step along the length of the rod. Curve rod is a design scheme of
arches, circular foundations, circular ribs of shells and other linear structures. An
example of a broken rod is the support beam of a balcony or Bay window of a
building.
On relative sizes in cross-section distinguish between massive and thin-walled
cores. Massive rods in the form of cross-section are divided into rectangular, round,
Taurus, I-beam, cross-shaped, etc. thin-walled rods are divided into rods with an open
and closed cross-section. The division of the rods into massive and thin-walled is
very conditional. The main distinguishing feature of thin-walled rods is the need to
take them into account when calculating the torsion of the cross-sectional depression.
Numerous rods form the load-bearing systems of buildings and structures. Bars
consist of beam and arch system, frames, trusses, lattice towers and towers, lattice
shell, and a variety of frame system, (post-and-beam, braced, braced, braced).
It is possible to single out only seven types of basic load-bearing elements,
which, depending on the method of their application and the nature of the work, can
form various supporting structures.
A curved beam is a rigid element with a curved axis. A thread is a flexible
linear element that can be considered as a particular kind of bar element. A plate is a
body bounded by two planes, the distance between which (the thickness of the plate)
is small in comparison with the dimensions of the base. A shell (a shell element) is a
three-dimensional body bounded by two curved surfaces, one of whose dimensions
(thickness) is small compared to the other dimensions. The membrane is a flexible
plate or a flexible shell in the form of a cloth. A massive element is a threedimensional body, all three basic sizes of which have the same order.
A rod, or rod element, is a rigid rectilinear support element, which in the
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design schemes is idealized by an axis passing through the centers of gravity of its
cross sections. The rod can have a constant or alternating cross-section. It can work
on stretching, compression, bending, shearing, torsion. A rectilinear rod, mounted
vertically and perceiving the compressive axial load (or, as they say, working on
compression under the action of the axial load), is a rack or column. The rod, which
receives the lateral load, i.e. The load acting perpendicular to its axis (working on
bending under the action of a transverse load) is called a beam. The individual
rectilinear rods consist of trusses, frames, through arches, and also an extensive class
of spatial bar structures.
It is known that rod elements are widely used in practice of construction,
engineering and other industries. At the same time, the idealization of rod elements in
their modeling as absolute rigid is not always justified. Particular importance in
considering the deformability of an element in the creation of a dynamic model is in
engineering.
The use of high-speed mechanisms and machine aggregates subject to regular
disturbing actions with a very wide range, causing an expansion of the spectrum of
vibrational fields and increasing their amplitudes, leads to the need for using dynamic
models of adequate models with a large number of degrees of freedom.
A widespread idealization of dynamical models with one or several degrees of
freedom with the application of the Lagrange equation of the second kind does not
contain systematic indications concerning the rational choice of generalized
coordinates. The effectiveness of the model obtained depends on their successful
choice.
Therefore, the creation of modern dynamic models, taking into account the
elastic properties of the links, is the most complete and close to reality. It will be
determined by a set of equations not only of analytical mechanics, but also of the
corresponding sections of the mechanics of a continuous medium.
In this subsection we will consider the modeling of elastic rod systems taking
into account the finiteness of their deformations.
It is known from practice that the most common planar mechanisms are
mechanisms with links in the form of rods, beams and other one-dimensional
elements.
Depending on their structural and functional features, the rod elements are
modeled as beams with different types of support and loading.
At the same time, in contrast to the double-bearing beams, for the construction
of cross-force plots and bending moments of the cantilever beam, the calculation of
reference reactions is not necessary, because for any section it is possible to select for
consideration part of the beam, to which only the known external forces are applied
(Fig 2.1).
Adding any support to the cantilever beam makes it statically indeterminate.
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Fig. 2.1 Cantilever beam.
The rod with two forces from each sides is a special block element that can
only resist axial deformations (Fig. 2.2).

Fig. 2.2 An element with two forces.
Bending is the type of loading of the beam, in which it is applied to the
transverse load lying in the plane passing through the longitudinal axis (Fig.2.2. In
the same plane is a curved axis of the rod (elastic line) (Fig.2.3). The bar working at a
bend, is called a hinge supported beam.

Fig. 2.3 A hinge supported beam with an end torque.
In concrete structures, torsion of elements in its pure form is almost not found,
but in combination with bending — very often. In comparison with bending, the
resistance of concrete elements to torsion (Fig. 2.4) is significantly less. Therefore, in
a number of designs, despite the relatively small absolute values of the torques, the
impact of their need to be considered.
Examples of reinforced concrete elements experiencing bending together with
torsion are: mast under the influence of transverse external force applied at a distance
from the axis of the element, a beam with a unilaterally loaded plate, etc.
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Fig.2.4 An element with torsion.
In the resistance of materials and in the theory of elasticity, this body, the
geometric shape of which is formed by motion in the space of a flat figure (called the
cross section of the curve bar), with its center of gravity always remains on a curve
(the axis of the curve bar), and the plane of the figure is normal to this curve.
Depending on the form of the cross section are distinguished: curve beam of constant
cross section (for example – spatial link chain composed of oval or circular rings
(Fig. 2.5)) and curved beam of variable cross section (for example the hook of a
crane). In the form of the axis of the curve, the beam can be flat (if its axis is a flat
curve) and spatial (axis is a spatial curve). A kind of curved beam is a naturally
twisted curve beam, characterized in that the plane shape of the cross section when
moving along the axis of the curved beam simultaneously rotates around the tangent
to it (example - the blade of the propeller of an aircraft or fan).

Fig. 2.5 Spatial link.
In this case, the kinematic pairs determine the boundary conditions at the ends
of the links. For example, if the joints are characterized by a lack of torque in the
pairs, then the translational pairs are equal to zero longitudinal forces in the joints.
2.2 Modeling of planar motion of rod elements at finite deformations
It is known that linear models based on the assumption of small deformations
are limited and substantially narrow the range of problems studied. They are not
correct for some class of dynamical systems. These include rod systems, a vivid
example of which are robots and manipulators, the dynamics of spatial motion of
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which is strongly nonlinear. The problem of rod systems is the consideration of axial
forces. They are of fundamental importance for systems where cranks and connecting
rods are commensurable in size. In this case, it becomes necessary to take into
account the longitudinal displacements of the links.
Classification of core systems:
• By referring to the connection of the rods with swivel (farm, lattice
tower, dome, shell, structures, etc.); with rigid connection (frame).
• According to the loading scheme-flat, perceiving external loads acting
only in the plane of the rod system; spatial, perceiving external loads of
any direction.
• According to the degree of static uncertainty - statically determinable,
statically indeterminate.
• As intended-support, span, combined.
Let us consider the motion of plane articulated-lever mechanisms taking into
account the finite deformations of the elastic links.
Under the elastic motion of mechanisms and machines, as noted above, we
mean the imposition of an oscillatory process, which arises as a result of elastic
deformation of the links, on their nominal motion. We take into account the nonlinear
inertial relationship between the large-scale motion of the links as rigid and their
finite vibrations as a result of elastic deformation. In this case, both transverse and
longitudinal vibrations of the elastic links will be taken into account.
In a flat curved rod, as in a flat frame consisting of rectilinear rods, there are
three internal forces: N, Q and M. the process of determining the internal forces in the
curved rod is the same as in the frame. The peculiarity consists in a new rule of signs
for the bending moment: the bending moment is considered positive if it increases the
curvature of the rod (If the rod in question has both rectilinear and curvilinear
sections, then in order that there is no contradiction because of the different rule of
signs for the bending moment in the rectilinear and curvilinear parts of the rod, it is
customary to build an Rules signs for longitudinal and transverse forces are the same
as when determining them in flat frames.
It is assumed that the hinges have connections - rigid and non-rigid, managed
and unmanaged. Mathematically, they are considered differential in integrable or
non-integrable forms. The model of the rod system is based on the finite element
method, taking into account the finite deformations and nonlinearities of inertial
forces. It is believed that the ends of each rod element are rigidly connected to solids
whose dimensions are small compared to the length of the element. Each finite
element is associated with a local coordinate system for which the displacements,
angles of rotation, the translational and rotational speed are taken into account
strictly. Shape functions are chosen in quasi-static approximations of local
displacement and angles of rotation of cross-sections of the truss element. As
generalized coordinates of the problem are taken by an absolute move, and the
corners of the edge cross-sections finite element models. The equations of motion of
the system are based on the principle of Dalamber-Lagrange. It is believed that the
generalized coordinates of the system are superimposed with linear relations relative
to the generalized velocities. The variation of the functional of the problem, for which
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the stationary value is sought, is transformed by adding the equations of connections
multiplied by the undefined Lagrange multiplier. The variational problem for the
transformed functional is solved as a free one. The stationarity conditions together
with the differential equations of relations determine the required values of the
generalized coordinates. The variants of simplifying the recording of equations of
motion based on the use of linear form functions and the method of concentrated
masses are considered.
It is known from practice that the leading cranks usually under the influence of
large torque at the inlet curve like a console with respect to its undeformed state,
while the elastic connecting rods are modeled as freely supported beams.
Figure 2.6 shows the configuration of the elastic deformation of the leading
link of a flat articulated arm and any other driven link.

а) - articulated beam (driven links);

b) – cantilever beam (leading links).

Fig. 2.6. A generalized model of the elastic motion of links of planar
articulated mechanisms.
At the initial time, the elastic links of the mechanisms have a rectilinear shape
(undeformed state), and the conditions at the ends correspond to free support. The
torque at the input, balancing the variable torque of the mechanism, causes the crank
to bend as a console relative to its undeformed position, which leads to the deviation
of the driven links from the position mechanism set by the kinematics, and they
occupy the positions indicated by the thin line in Figure 2.6. Due to the elastic motion
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of the driven links, the perturbed state of the latter is superimposed on their displaced
position, and they acquire the configuration shown in Figure 2.6 by the thick line.
The position of the points of the i-th link of the deformed mechanism in the
inertial coordinate system OXY is determined by the radius vector R i (Fig. 2.6):

R i =  X i cos i + Yi sin i + xi + ui  +
+ Yi cos  i − X i sin i + vi  j

,

(2.1)

where
X i (t ), Yi (t ), i (t ) – determine the kinematics of the mechanism, i.e. flat motion of the

undeformed i element relative to the inertial (global) coordinate system OXY ;
oi xi yi – a mobile coordinate system associated with the i -th link and describing its
deformed configuration (local coordinate system);
 , j – the units of the mobile coordinate system;
ui , vi – longitudinal and transverse displacement of the i -th link in the section as a
result of deformation of the link, respectively.
Then

mi li
2
Ti =
 ( X i cos i + Yi sin i + ui − vii ) dx +
2 0
,
mi li
2
+
 (Yi cos i − X i sin i + vi + xii + uii ) dx
2 0

(2.2)

the spatial deformation of a system composed of rod elements is considered. The
mathematical model is based on the finite element method. Each finite element is
associated with a movable local coordinate system, displacements, and whose
rotation angles are strictly accounted for. Shape functions are derived from the
solution of the homogeneous boundary value problem in the variables to the local
coordinate systems.
2.3 The determination of the potential energy of planar deformation of a rod
element
Elastic movements of the rod elements in the general case of deformation are
given as [6]:
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U ( x, y , z , t ) = u ( x , t ) −

w1 ( x, t )
v ( x, t )
z1 − 1
y1 +
x
x

 ( x, t )
 (1 , 1 ) ;
x
V ( x, y, z, t ) = v1 ( x, t ) + v2 ( x, t ) −  ( x, t ) z ;
W ( x, y, z , t ) = w1 ( x, t ) + w2 ( x, t ) +  ( x, t ) y ;
+

,

(2.3)

where
u( x, t ) – translational displacement of the cross-section along the axis x ;
v1 ( x, t ), w1 ( x, t ) – displacement of the bending center of the cross-section along the
axes due to bending;
v2 ( x, t ), w2 ( x, t ) – displacement of the bending center of the cross section along the
axes due to shear;
 ( x, t ) – angle of rotation of the section with respect to the bending center;
 (1 , 1 ) – torsion function, depending on the shape of the section;
It is assumed that, in the general case of three-dimensional deformation of rods,
their cross-sections perform translational motion along the x-axis of the rod,
translational displacement in the plane yz, rotation around the axes y and z as a result
of bending and torsional rotation with respect to the x-axis.
A special case of (2.3) is the flat and one-dimensional deformation of the elements.
For the case of plane deformation of rod elements with a field of longitudinal and
transverse displacements (Figure 2.6), the relations (2.3) are given by:
U ( x, y , z , t ) = u ( x, t ) −

v( x, t )
y;
x

V ( x, y , z , t ) = v ( x, t ) ;

(2.4)

W ( x, y , z , t ) = 0 ;

After the corresponding transformations, we have a particular form of the functional
for the given formulation of the problem [5]:

Фi =

1 4
 2
2
u x vx − yvxx vx + vx +
1 − 2 
2 
G

G (1 − 2 )  2
1 4
2 2
+
u x − 2 yu x vxx + y vxx + vx
1 − 2 
4 

,

(2.5)

where the subscripts mean differentiation with respect to the specified parameters.
That is, the functional (1.23) was simplified by the second system of
simplifications of Novozhilov equation and written in the form (2.5) with respect to
the considered model of deformation of the elastic element (Figure 2.6).
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Using the functional in the form (2.5), the potential energy of the -th elastic link is
defined as:
2
4

Ei J iy li   2v 
Ei Fi li  u 1  v  
1  v 
Ui =
+    +    dx ,
  2  dx +
 
2 0  x 
2 0  x 2  x  
4  x  
2

2



(2.6)



In the case of plane motion of a general form, the links of the mechanism are:
• longitudinal and transverse inertia forces.
• reactions in hinges.
• external forces and moments are possible.
To derive the equations of motion of elastic rod elements for finite
deformations, it is necessary to perform their force analysis. In the plane motion of a
general form, both longitudinal and transverse inertia forces act on the links of the
mechanism. In addition, there are reactions in the hinges and possible external forces
and moments. The diagrams of the forces acting on the links of the mechanism are
shown in Figure 2.3. Here Qi 0 , QiL, Pi 0 , PiL are the components of the reactions in
the hinges of the driven i links; Q10 , Q1L, P10 , P1L - components of reactions at the
ends of the crank; M 10 - internal bending moment at the input of the leading link;
Dxi , Dyi - components of the forces of inertia in the section x , axi , a yi - the
components of absolute acceleration:
a xi = X i cos i + Yi sin i − ( xi + ui )i − 2i vi − i vi + ui ,
2

a yi = Yi cos i − X i sin i + ( xi + ui )i + 2i ui − i vi + vi
2

(2.7)

The components of absolute acceleration (a) are obtained by twice
differentiating with respect to time the radius vector (2.1). The points above the
symbols in (a) denote the order of differentiation with respect to t .
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a) the leading link;

b) driven links

Fig. 2.7 Diagram of loading forces of links.
As noted earlier, another non-linear source of the model, apart from finite
deformations of the elastic links, is the nonlinear inertial relationship between the
large-scale motion of the elastic elements of mechanisms and machines and the finite
displacements of the latter as a result of their deformation. We take into account the
effect of elastic displacements on the inertial forces:
Dxi = − mi a xi ,

(2.8)

D yi = − mi a yi ,

The unknown components of the reactions in the hinges of the i -th link are
determined from the condition of equilibrium of forces and moments acting on this
link.
li
Qi 0 + QiL −  mi a xi dx = 0,
0

li
Pi 0 + PiL −  mi a yi dx = 0,
0

,

(2.9)

li
li
Pi 0li +  mi a xi vdx −  mi a yi xdx = 0
0

0

A system of 3N equations for the determination of reactions in hinges (Nnumber of mobile links of the mechanism) is obtained. The missing conditions for the
solvability of the system of equations (2.9) are obtained from the equilibrium
conditions of forces in the hinges connecting adjacent links.
According to Figure 2.8, the equations of equilibrium of forces in the hinges
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for the case of two adjacent driven links (hinged-supported beams) have the form:

QiL cosi + Qi +10 cosi +1 − PiL sin i + Pi +10 sin i +1 = 0;
QiL sin i + Qi +10 sin i +1 + PiL cosi + Pi +10 cosi +1 = 0;

(2.10)

If the kinematic pair connects more than two links, then the number of terms in
(2.10) will increase.
When deriving the equations of motion of the system of rod elements, it is
necessary to ensure the connection between the elements through kinematic pairs.
The boundary conditions at the ends of the elements are determined by the
conditions of support. Unlike an unlinked element, when its motion can be defined
locally and the solution of the equations is not difficult, the constraints imposed on
the connected system of elements lead to a complication of the problem. In this case,
the motion of the entire system must be determined in the global coordinate system,
specifying the nominal motion of the elements and the elastic displacements that
result from their deformation.

Figure 2.8 - The diagram of forces in a kinematic pair connecting two adjacent
links.
So, this connection of two links, providing a certain relative movement. For all
kinematic pairs constant contact between their elements is necessary, it is achieved
either by means of certain efforts, or giving elements a certain geometric shape.
2.4 Equations of motion
To derive the basic differential equations of motion that determine the axial
and transverse movements of the links of the mechanism with respect to their
undeformed position, energy methods and basic relations of the theory of elasticity
are used.
The analytical model of bearing elements of frame construction in the form of
straight homogeneous rods is presented. These elements taken straight homogeneous
rods. We have also made assumptions that cross-section of a fair Bernoulli
hypothesis, and the Young's moduli in tension and compression are equal. Analytical
expressions linking the internal characteristics of straight rods to the boundary
conditions in the nodes are defined as equations of state of the rod. Formed the matrix
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of the influence of initial parameters property of the web, independent from external
loads or from the conditions of attachment of a rod. Analytical expressions for the
element are obtained for static problems, which express the state at any point through
the movement of nodes. Simulation of the structure of the building frame based on
the method of elements on the principle of "one rod - one element" is proposed.
To derive the equations of motion, the variational principle of OstrogradskiiHamilton is used.
Having determined the values of the kinetic and potential energies, the system
of coupled nonlinear equations of motion of the i-th link is obtained by the energy
method:
Ei Jivxxxx − Ei Fi  vxxu x + vxu xx + 3vx2vxx  + i Fivtt =


f ( i , j ,it , jt ,itt , jtt ,u,v,ut )
i
,
Ei Fi (u xx + vxvxx ) − i Fiutt =
= g (i ,  j , it , jt , it , jt , ui , vi , vit )
i

(2.11)

j =1 i −1

The lower indices in equations (2.11) mean differentiation with respect to a
given parameter.
Depending on the type of kinematic pairs of links of the mechanism,
appropriate boundary conditions are set, which includes both external and internal
forces and moments.
The summation sign on the right-hand side of the system of equations (1.13) is
related to the determination of the functions of the position of the i -th deformed link
through the previous i -th links of the mechanism.
Equations of motion (1.13) can be represented in a general form:

 2ui
 2ui
Ei Fi
− mi 2 = f i (i ,  j , i ,  j , i ,  j , ui , vi , vi )
 x2
t
, (2.12)

 4vi
 2vi
Ei J i
+ mi 2 = g i (i ,  j , i , j , i , j , ui , ui , vi ) ,
 x4
t

j = 1  i −1

The signs of differentiation on the right-hand side of the system of equations
(2.12) mean differentiation with respect to time.
The connection between the elastic vibrations of the mechanisms is taken into
account through the hinged joints of their adjacent links. Depending on the type of
kinematic pairs of links of the mechanism, appropriate boundary conditions are set,
which includes both external and internal forces and moments.
Considering the driven links as hinged-supported beams, the following
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boundary conditions are imposed for the system (2.11):
 2vi

vi ( 0, t ) = ui ( 0, t ) =
( 0, t ) = 0;
 x2

(2.13)

 2vi

vi ( l , t ) = ui (l , t ) =
(l , t ) = 0.
 x2

For the leading link, considered as a cantilever beam, the boundary conditions
are set as follows:
v1 ( 0, t ) = u1 ( 0, t ) =
E1F1

 v1
x

( 0, t ) = 0;

 u1

/
= Q10 ;
 x x=0

(2.14)
v
3

E1F1

x

3

 v

/ x=0 = P10 ;

2

E1 I1

x

2

/ x=0 = M10

In the case of the action of external forces and moments, their influence on the
dynamics of the mechanism can be taken into account in the boundary conditions.
Thus, the dynamic model of a flat articulated lever mechanism with N moving
links is given by a system of two nonlinear differential equations of the form (2.11)
with boundary conditions (2.13) - (2.14).
Thus, the model of elastic motion of plane articulated mechanisms with allowance for
finite deformations of the links is represented by a system of 2N coupled equations
characterizing the longitudinal-transverse bending of the elastic elements with respect
to their nominal motion.
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III MODELING PHYSICALLY NONLINEAR MEDIA
3.1. Features of physically nonlinear media. Experimental studies of rubber
shock absorbers
The essence of the approach is to replace the continuous deformable medium
with a system of interacting particles equivalent to the physical and mechanical
properties. The solution for these particles of the system of ordinary differential
equations taking into account the damping factor leads in the limiting case to static
problems of the mechanics of the deformable solid, in particular, the problems of the
classical theory of elasticity. This approach allows changing the interaction potential
between particles, to simulate such properties of deformable media, such as elasticity,
plasticity, visco-elasticity, etc. In addition, it is possible to simulate such a factor as
large deformations, when the physical and geometric nonlinearity of the medium is
very significant. The calculations and comparisons with the exact solution of some
problems of the theory of elasticity (the problem of deformation of the suspended
elastic beam iodine by gravity, the problem of deflection of the beam under different
conditions of support, etc.). The results of numerical experiments on the proposed
algorithm have shown its effectiveness, because there is an opportunity to consider in
a unified approach to such factors as the physical and geometric nonlinearity, large
displacements and deformations, dynamic effects, etc.
Physically nonlinear media include environment with nonlinear dependencies
of the properties of materials. A vivid example of physically nonlinear environments
are materials such as rubber, rubber, certain types of plastics and textiles that have
found wide application in engineering. As structural materials, they are essentially
different from metals in a number of properties. Among these features are the ability
to withstand large elastic deformations, almost complete reversibility of
deformations, significant energy losses during cyclic deformations, etc. But the most
important property of these materials is that, having a high-elastic deformation, they
do not correspond to the well-known Hooke's law.
Nonlinear dynamics of deformable systems is one of the rapidly developing
directions of modern mathematical physics. Significant progress achieved at the turn
of 70-ies of the last century in the field of analytical methods for solving nonlinear
UCP, allowed to effectively use nonlinear theories of mechanics of deformable
bodies, which identify and adequately describe the phenomena impossible in the
framework of linear analysis.
The main effect that gave rise to the whole direction of modern science was the
effect of the existence of stable stationary pulses - "solitons" in nonlinear media with
dispersion, the first experiments of scientific observation of which in the form of
waves on water date back to the middle of the 19th century. Currently, solitons are
found in media of different nature - from plasma to deformable solids.
Rubber as a structural material is widely used in engineering. Rubber parts,
characterized by high structural hysteresis due to large energy losses to internal
friction in the material, act as dampers of undesirable oscillatory processes.
One of the sources of scientific knowledge of the object is a scientific
experiment.
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Rubber shock absorbers are used as an object of research, which are widely
used in engineering. In order to efficiently micropods dynamic systems by selecting
shock absorbers with the stiffness characteristics required for a particular case,
hysteresis losses are evaluated. (Fig.3.1)

Fig. 3.1. The diagram of loading of the rubber shock absorber.
Shock absorber (FR. amortisseur) - a device for damping (damping) and
absorbing shocks and shocks of moving elements (suspension, wheels), as well as the
body of the vehicle itself, by converting the mechanical energy of movement
(oscillations) into thermal energy.
Shock absorbers are used in conjunction with elastic elements with springs or
leaf springs, torsion bars, pillows, etc. for damping of free oscillations of large
masses and prevent high relative velocities of smaller masses connected by elastic
elements.
Not to be confused with superficially similar tube hydraulic shock absorber and
gas spring. The latter is also often found in vehicles and the home, but have a
different purpose (namely, creating a pushing force on the rod). In fairness, it should
be noted that there are almost no clean hydraulic shock absorbers, they are always a
little spring-loaded with excess gas pressure in the booster. Pure gas springs (without
additional resistance to movement), on the contrary, occur quite often. Rubber shock
absorbers, or rubber vibration isolators, are used in the production of equipment for
various purposes to dampen vibrations arising from its operation. The use in the
production of special mixtures with the quenching properties of the anti-vibration
allows to obtain a product of increased strength.
Rubber and rubber-metal shock absorbers are used in production:
• Devices;
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• Car;
• Courts;
• Rubber vibro-supports for machine tools and industrial equipment, for
example, conveyors;
• Transport, including rail.
The physically nonlinear theory of elasticity applies the original equations,
which in their composition are the same as in the linear theory of elasticity. Of these,
the equilibrium equations and geometric relations in both theories are completely
identical, and only the physical equations are different.
3.2 Basic models of physically nonlinear media. Elastic potentials
Along with the development of new design solutions one of the ways to solve
this problem is the development of more advanced methods of calculation, taking into
account the actual scheme of the structure and the real properties of the material. To
them in the first place, should be attributed to the nonlinear properties of the materials
through which the design process goes through several stages of stress-strain state.
Accounting for these properties is currently only in the calculations of a very narrow
range of building structures. For example, widely used in construction practice rods
in elastic-suppressive medium (piles, pile foundations) are calculated as absolutely
elastic body, ie significantly underutilized load-bearing capacity
The modeling of a physically nonlinear medium involves the use of the general
theory of elastic deformations, which includes a physical law expressing the basic
properties of the material, and a mathematical apparatus for deriving from this law
certain consequences for solving technical problems. As a rule, such a law is the
relationship between the stress tensor and the strain tensor-the elastic potential.
The only property of a nonlinearly elastic body is the reversibility of the
processes occurring in it. Therefore, there are two possibilities for constructing
dependencies between voltages and strains.
The first, rising from Cauchy, consists in representing tensors of voltages (their
components) as functions of the components of the tensor of defor- mations. This
method characterizes the complete restability of the geometric shape of the body.
For the second possibility, which goes back from Green, are given by the
expression for the potential energy, and according to this expression, the relationships
between the components of stress and deformation tensors are constructed [7-8]:

1 
 
 ij = 
+
W (11 ,...,  33 )
2   ij  ji 

(3.1)

As a rule, the form of the elastic potential for different classes of rubber-like
materials is determined experimentally. In practice, there is a sufficient number of
good potentials.
The elastic potential can be defined as a value identical to the free energy, the
stress components being derived from the corresponding deformation components. It
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is possible to show that this elastic potential is calculated for the polymer which is in
a highly elastic state by means of methods of statistical mechanics on the basis of the
analysis of the deformations created in a material.
The idea behind the simulation of large elastic deformations of rubber-cord
materials is based on the use of elastic potential for anisotropic media. A method of
constructing an elastic potential for the rubber-cord layer is proposed. The rubbercord layer can be regarded as transversally isotropic. So the question arises about the
number of independent invariants of the type of which you want to define.One of the
ways to choose the set of invariants is proposed. Some invariants are chosen the same
as in the isotropic case simply because the transversal-isotropy group belongs to the
isotropic transformation group. Then these three invariants are added by two other
invariants specific for transversal isotropy.The form of potential is then formulated.
Then we propose a numerical method for finding potential parameters based on the
use of solutions of so-called local problems. The latter are formulated for the
periodicity cell of the rubber-cord layer.
At present, the use of mathematical methods in scientific research is wide and
diverse. First of all, this is due to the advantages that gives the use of mathematical
models, namely: reducing the development time, the visibility of the representation of
the studied objects and, ultimately - a great economic effect. In addition, in recent
years, a great incentive for the introduction of mathematical modeling has been the
development of new information technologies associated with an increase in the
speed of computers and the emergence of specialized mathematical software. Today,
the computer base has a level of development, which allows modeling rather complex
objects and phenomena, using as approximate methods of calculation, for example,
finite and boundary element methods, and analytical, for example, Fourier series
expansion using the capabilities of symbolic calculations of mathematical packages
Mathematica(Wolfram) and Mathcad.
Presently an increasing range of practical areas related to research in the field
of mechanics of materials micro-inhomogeneities, such as modeling and control of a
condition of very sophisticated equipment, geological environment, seismically
active areas, etc. micro-inhomogeneities of the materials are characterized by the fact
that the nature of their behavior depends on the type of stress-strain state, so they are
called heterogeneous resisting. The corresponding models of mechanical behavior of
such materials can be found and find application in seismology, Geology and
Geophysics, mechanical engineering, construction; mathematical methods of a
conclusion of defining relations for these materials can have the General value in the
theory of continuous environments.
3.3. Modeling of physically nonlinear medias. Elastic deformation potentials.
Treloar potential
W =

1
G (12 + 22 + 23 − 3) ,
2

(3.2)

where G is the shear modulus in the initial unstressed state;
1 , 2 , 3 - coefficients of elongation in three main directions.
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Using the isotropy and incompressibility conditions of rubber for finite
deformations 123 = 1 ,, we represent the elastic potential (3.2) in the principal
components of the strain tensor 1 ,  2 ,  3 :

(

)

W ( 1 , 2 ) = 0,5G 21 + 2 3 + (1 + 2 (1 +  3 + 21 3 ) ) − 1 ,
−1

(3.3)

Taking into account the hypothesis of plane sections, (3.3) is represented as follows:

(

)

W = 0,5G (1 −  xz2 −  yz2 ) − 1 ,
−1

(3.4)

On the basis of (3.1) there are components of the stress tensor of any point of
the section when it is torsion:

 xz = G xz (1 −  xz2 −  yz2 ) −2 , yz = G yz (1 −  xz2 −  yz2 ) −2 ,

(3.5)

Expressions (3.5) represent the nonlinear law of deformation of a rubber-cord
clutch, a particular case of which is Hooke's law. Setting the absolute value of the
stress vectors through its components

 =  xz2 +  yz2 == G

 xz2 +  yz2

(1 − 

2
xz

−  yz2 )

2

,

(3.6)

a relationship is obtained between the stress and the deformation characteristic of the
given case-the angle of rotation of the section  ( z , t ) :
−2

2
 
  
 2  
2  
 = Gr 
+ z 2  1 − r 
+z 2   ,
z  
z
z  
 z



2

here

(3.7)


is the relative twist angle, r is the radius vector of the cross-section
z

element.
Summing the moment of tangential stresses of the section relative to the axis of
the shaft, we find the internal torque, the intensity of which:

M кр

 2 
 
= GI p 2 1 + 4R
,
z
z 
z 

(3.8)
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Then the torsional oscillations of the shaft from the rubber-like material
specified by the elastic potential of the Treloar will be modeled by a nonlinear
differential equation [1]:
 2
  2
 2
 3

GI p 2 + 4 RGI p
−  I p 2 + i 2 − e
= F ( x, t ) ,
2
x
x x
t
x t
t

(3.9)

where
G I p - torsional rigidity of the shaft;
 I p - moment of inertia of a shaft unit;
 i ,  e - the coefficients characterizing the internal and external friction, respectively;
 ( x, t ) - angle of twisting in some section of the shaft;
F ( x, t ) - intensity of the external twisting moment.
Also we have potential of Bartenev-Khazanovich

(

)

W = 2G  +  +  − 3 ,
1
2
3

(3.10)

Bartenev and Khazanovich compared a variety of single-parameter equations
(equations of the classical statistical theory of high elasticity, equation of Bartenev —
Khazanovich, etc.) with experimental data: uniaxial stretching; and biaxial uniaxial
symmetric stretching; uniaxial stretching; pure and mixed shift. This comparison
showed that the deformation behavior of microsetchate rubber-like polymers is better
than other one-parameter formulas containing one material constant, describes the
one-parameter equation.
Comparison of the correspondence of experimental data of different authors on
uniaxial stretching of non-filled rubbers to different one and two-parameter equations
showed that of the one-parameter equations satisfactorily describing deformations up
to 100% stretching, the equation of Bartenev-Khazanovich is the most applicable.
Nevertheless, the two-parameter equations well describe the deformation behavior of
non-filled rubbers up to their rupture.
Model:
GJ

2
2  2 1
 2 1
 2
 3

  
+ GJ 
+ GJ    − J
+
−
= F (z, t )
p 2 8 p
p  z 
p 2
1 2
2 t
2
4
z
z
t
z t

(3.11)
Constants:

R = 0,05 м ;

G = 4  10 5 н / м 2 ;

 = 0,01 кг  м 3 / с;
1

 = 1,1  10 3 кг / м 3 ;

 = 0,2 кг  м / с.
2
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 ( z = 0, t ) = 0




 − boundary conditions,
G J
/ z = L = 0
0 p z


 ( z = L , t = 0) =

(3.12а)

 

3 
 − initial conditions,

( z = L , t = 0) = 0 

z

(3.12b)

Applying the Bubnov-Galerkin method, we give a solution in the form:

 ( z , t ) = f (t ) sin

 z
2L

,

(3.13)

Bubnov-Galerkin method - a method for approximate solution of the boundary
value problem for a differential equation,
Most often, the Bubnov — Galerkin method is used as an auxiliary technique,
which allows you to simply obtain in an analytical form an approximate description
of the deformation of a single structural member with one or more of the first
members of the series . These expressions can then be used in other studies. Although
the description of the method was based on the example of a two-dimensional area of
integration A, but it is naturally applicable for both one-dimensional and threedimensional problems. It is also applicable to systems of differential equations.
The success of the Galerkin method and its variants is connected with the
successful choice of the full system of ifk functions and the application of a
sufficiently accurate (for large N) method for solving equations. The wide application
of Bubnov-Galerkin method at the beginning of our century without the use of any
counting machines with small N for solving problems in relatively simple domains, in
particular on the basis of Poisson equation, was due to a good choice of basic
functions. The further development of these methods was constrained both by the
difficulty of constructing complete systems of basic functions for complex domains
and by the great difficulties of solving systems due to the very poor condition of the
matrices of these systems, which are aggravated by the approximate calculation of
integrals in, which are elements of these matrices. If the first difficulty can be
removed using, for example, the apparatus functions, with which it is easy enough to
build a complete system of basic functions (although complex enough) for
multidimensional oblasts with piecewise smooth analytical boundaries, it is much
more difficult to overcome the second difficulty.

41

IV NUMERICAL ANALYSIS OF THE PHYSICAL PROPERTIES OF A
NONLINEAR ROD ELEMENT
First result in Fig. 4.1 shows the oscillation of the angylar rotations in 2
secunds for the potential of Bartenev-Khazanovich. The results on Fig. 4.2 is the
same as Fig. 4.1 but it goes only 0.5 secunds. And we can see that the deviation start
fading over time. All coefficients stays the same.

Fig. 4.1. R=0.05; ξ1=0.01; ξ2=0.02; l=0.25.

Fig. 4.2. R=0.05; ξ1=0.01; ξ2=0.02; l=0.25.
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Fig. 4.3 and Fig. 4.4 have the same coefficients and range of times as in Fig 4.1
and Fig. 4.2, but these figures have been drawn for Treloar model.

Fig. 4.3. R=0.05; ξ1=0.01; ξ2=0.02; l=0.25.

Fig. 4.4. R=0.05; ξ1=0.01; ξ2=0.02; l=0.25.
The next step is comparing these two graphics of Treloar and BartenevKhazanovich with the same parameters(Fig. 4.5). In Fig. 4.5 we can see that our
models are almost the same.
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Fig. 4.5. Blue line-Treloar model and Yellow line-Bartenev-Khazanovich
model. R=0.05; ξ1=0.01; ξ2=0.02; l=0.25.
So we compared our two models with each-other and let’s look how different
parameters acts in these models. For next investigations, I am going to use only one
model, because we have seen that they look similar and changes also will be similar.
All next graphics will be drawn for the model of Treloar potential. By increasing and
decreasing different coefficients, we can see how each coefficient effects to the
deviation.
In Fig. 4.6 I increase ξ1 10 times and make it 0.1. It is well seen that deviation
disappears more faster. So we can say that increase of ξ1 leads to faster fade.

Fig. 4.6. R=0.05; ξ1=0.1; ξ2=0.02; l=0.25.
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As it was expected decrease of ξ1 10 times leads to slow fading of deviations
(Fig 4.7).

Fig. 4.7. R=0.05; ξ1=0.001; ξ2=0.02; l=0.25.
Here I increase ξ2 and make it 0.5 and deviation fades quite faster but almost
not noticeable. According to this change(Fig. 4.8) we can say that change of ξ2
doesn’t lead to big changes.

Fig. 4.8. R=0.05; ξ1=0.01; ξ2=0.5; l=0.25.
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In Fig. 4.9 ξ2=0.001, and this drop also has very small change as it was in Fig.
4.8.

Fig. 4.9. R=0.05; ξ1=0.01; ξ2=0.001; l=0.25.
Here in Fig. 4.10 I drew results of Fig. 4.8 and Fig. 4.9 together to see
difference.

Fig. 4.10. Comparison of two different ξ2.
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Next parameter that we change was radius R. In Fig. 4.11 R was risen until 0.5
and this change lead to an interesting result. The increase of radius 10 times leads to
long period of fading of deviation.

Fig. 4.11. R=0.5; ξ1=0.01; ξ2=0.02; l=0.25.
But when we decrease the radius to R=0.01(5 times) deviation fade
immediately (Fig. 4.12). This shows us that the change of radius leads to big changes
in deviation.

Fig. 4.12. R=0.01; ξ1=0.01; ξ2=0.02; l=0.25.
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The increase of length 4 times l=1 meter lead to slower fade of deviation in Fig 4.13.

Fig. 4.13. R=0.05; ξ1=0.01; ξ2=0.02; l=1.
And decrease of length in contrast leads to faster fading of deviation in Fig.
4.14.

Fig. 4.14. R=0.05; ξ1=0.01; ξ2=0.02; l=0.05.
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The above results were drawn for the reason to know how each parameter affect
the model. The next results are to know what happen if some parameters disappear (in
other words they will equal to zero).
The Fig. 4.15 and Fig. 4.16 show results when ξ1 is equal to zero for potential of
Treloar and Bartenev-Khazanovich.

Fig. 4.15. Treloar potential with R=0.05; ξ1=0; ξ2=0.02; l=0.25.

Fig. 4.16. Bartenev-Khazanovich potential with R=0.05; ξ1=0; ξ2=0.02; l=0.25.
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In Fig. 4.17 two potential models drawn together.

Fig. 4.17. Comparison of Bartenev-Khazanovich and Treloar potentials with
coefficients R=0.05; ξ1=0; ξ2=0.02; l=0.25.
The Fig. 4.18 and Fig. 4.19 show results when ξ2 is equal to zero for potential of
Treloar and Bartenev-Khazanovich.

Fig. 4.18. Treloar potential with coefficients R=0.05; ξ1=0.01; ξ2=0; l=0.25.
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Fig. 4.19. Bartenev-Khazanovich potential with coefficients R=0.05; ξ1=0.01; ξ2=0;
l=0.25.
In Fig. 4.20 two potential models drawn together.

Fig. 4.20. Comparison of Bartenev-Khazanovich and Treloar potentials with
coefficients R=0.05; ξ1=0.01; ξ2=0; l=0.25.
For parameters like radius and length we can’t equal them to zero. So next
results built when these parameters are really small. Fig. 4.21 and Fig. 4.22 are drawn
for small radius R=0.005.
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Fig. 4.21. Treloar potential with coefficients R=0.005; ξ1=0.01; ξ2=0.02; l=0.25.

Fig. 4.22. Bartenev-Khazanovich potential with coefficients R=0.005; ξ1=0.01;
ξ2=0.02; l=0.25.
Fig. 4.23 compares two model with R=0.005 and because of fast fading of
variation their results are the same.
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Fig. 4.23. Comparison of Bartenev-Khazanovich and Treloar potentials with
coefficients R=0.005; ξ1=0.01; ξ2=0.02; l=0.25.
Fig. 4.24 and Fig. 4.25 are drawn when L=0.5 for Treloar and BartenevKhazanovich potentials. And Fig. 4.26 is for their comparison.

Fig. 4.24. Treloar potential with coefficients R=0.05; ξ1=0.01; ξ2=0.02; l=0.5.
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Fig. 4.25. Bartenev-Khazanovich potential with coefficients R=0.05; ξ1=0.01; ξ2=0.02;
l=0.5.

Fig. 4.26. Comparison of Bartenev-Khazanovich and Treloar potentials with
coefficients R=0.05; ξ1=0.01; ξ2=0.02; l=0.5.
Fig. 4.27 and Fig. 4.28 are drawn when L=1.25 for Treloar and BartenevKhazanovich potentials. And Fig. 4.29 is for their comparison.
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Fig. 4.27. Treloar potential with coefficients R=0.05; ξ1=0.01; ξ2=0.02; l=1.25.

Fig. 4.28. Bartenev-Khazanovich potential with coefficients R=0.05; ξ1=0.01; ξ2=0.02;
l=1.25.
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Fig. 4.29. Comparison of Bartenev-Khazanovich and Treloar potentials with
coefficients R=0.05; ξ1=0.01; ξ2=0.02; l=1.25.
If you look carefully result of Fig. 4.29 shows us that after two seconds we
have difference, but after six seconds they are almost the same.
The next results are built for combinations of length and radius. I took radius as
0.005 and length as 1 meter. These results are in Fig. 4.30, Fig. 4.31 and Fig. 4.32.

Fig. 4.30. Treloar potential with coefficients R=0.005; ξ1=0.01; ξ2=0.02; l=1.
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Fig. 4.31. Bartenev-Khazanovich potential with coefficients R=0.005; ξ1=0.01;
ξ2=0.02; l=1.

Fig. 4.32. Comparison of Bartenev-Khazanovich and Treloar potentials with
coefficients R=0.005; ξ1=0.01; ξ2=0.02; l=1.
The next results are drawn to show how Treloar and Bertenev-Khazanovich
potential differ from each-other. To see this I came to initial parameters and draw
result only for 0.02 seconds in Fig 4.33. And here we can see small difference
between two potentials.
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Fig. 4.33. Comparison of Bartenev-Khazanovich and Treloar potentials with
coefficients R=0.05; ξ1=0.01; ξ2=0.02; l=0.25.
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CОNCLUSIОN

1.
2.

3.

4.

Brief conclusions on the results of the research:
The review and analysis of works on modeling of non-linear dynamics of
deformation media are done.
The method based on the variational principle of the Ostragradskii-Hamilton of
constructing a model of deformation media is studied. Examples of geometrical
and physical nonlinear rod elements are examined.
A numerical analysis of the rotation model of physical nonlinear rod elements
is carried out. Also a comparative analysis of the vibration’s amplitudes of rod
elements on the potential of Treloara and Bartenev-Khazanovich is carried out.
Overall the good agreement of the results is established.
As a result of the numerical analysis, the effect of the parameters of physical
nonlinear elements on the amplitude of the oscillation is established:
a) The increase of ξ1 and ξ2 lead to faster fading of vibrations. And in the same
way decrease of this parameters lead to slower fading of oscillation.
b) Radius and length also playing an important role in deviation. The decrease
of this parameters leads to faster fading, increase to slower fading.
c) An addition impact of ξ1 and radius are much higher than impact of ξ2 and
length.
Full evaluation of achieving the objectives
The obtained results of numerical analysis are qualitatively consistent with the
practice of operation of the object
Recommendation for the use of the results
The data obtained in the numerical study are useful for comparisons with other
numerical results.
Evaluation of technical and economic efficiency
The results of calculation of the structure and features can be use in the design
and finding alternative solutions for the constructions design.
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