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MPI PARALLEL IMPLEMENT OF A WAVE EQUATION USING 
AN IMPLICIT FINITE DIFFERENCE SCHEME

ALTYBAY A.1, TOKMAGAMBETOV N.2

1,2Al-Farabi Kazakh National University

Abstract: In this paper we will discuss the parallel implementation of the two-dimensional acoustic 
wave equation using the implicit difference method. As the programming environment used the dis-
tributed memory model of parallel computation and MPI (Message Passing Interface) system. The 
parallel approach is based on the parallelization of the tridiagonal matrix and uses the Yanenko 
method. The performance of the parallel algorithm has been studied using distributed computing 
method, and performed on supercomputer cluster.It has been observed that the parallel implementa-
tion provides a significant reduction in the computation time when compared with the serial imple-
mentation algorithm.

Key words: parallel programming, high-performance computing,numerical simulation, MPI, wave 
equation, cluster

ЕКІ ӨЛШЕМДІ ТОЛҚЫН ТЕҢДЕУІН, АЙҚЫН ЕМЕС АЙЫРМДЫЛЫҚ 
СХЕМАСЫН ҚОЛДАНА ОТЫРЫП MPI ПАРАЛЛЕЛЬ ЖҮЗЕГЕ АСЫРУ

Аңдатпа: Бұл жұмыста біз, екіөлшемді акустикалық толқын теңдеуінайықн емес айырым-
дылық схемасын қолдана отырып параллель орындалуын қарастырамыз. Программалау ор-
тасы ретінде параллельді есептеудің үлестірілген жад моделін және MPI (Message Passing 
Interface) жүйесі қолданды. Параллельдеу әдісі үш диагональды матрицаның параллелдеуге 
негізделген және Яненко әдісін қолданады. Параллель алгоритмнің өнімділігі үлестірілген 
есептеу әдісі арқылы зерттелді және суперкомпьютер кластерінде орындалды. Параллельді 
есептеу, тізбектей есептеу алгоритмімен салыстырғанда есептеу уақытын едәуір қысқар-
туды, қамтамасыз ететіндігі байқалды.

Түйінді сөздер: параллельді программалау, жоғары өнімділікті есептеу, сандық модельдеу, 
MPI, толқын теңдеуі, кластер

MPI ПАРАЛЛЕЛЬНАЯ РЕАЛИЗАЦИЯ ДВУМЕРНОГО ВОЛНОВОГО 
УРАВНЕНИЯ С ИСПОЛЬЗОВАНИЕМ НЕЯВНОЙ  

КОНЕЧНО-РАЗНОСТНОЙ СХЕМЫ

Аннотация: В этой статье мы обсудим параллельную реализацию двумерного уравнения 
акустической волны с использованием метода неявных разностей. В качестве среды 
программирования использовалась модель распределенной памяти параллельных вычислений и 
система MPI (Message Passing Interface). Параллельный подход основан на распараллеливании 
трехдиагональной матрицы и использует метод Яненко. Производительность параллельного 
алгоритма была изучена с использованием метода распределенных вычислений и выполнена 
на кластере суперкомпьютеров. Наблюдалось, что параллельная реализация обеспечивает 
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значительное сокращение времени вычислений по сравнению с алгоритмом последовательной 
реализации.

Ключевые слова: параллельное программирование, высокопроизводительные вычисления, 
численное моделирование, MPI, волновое уравнение, кластер

1. Introduction
The application of high-performance parallel 

computing in mathematical modeling opens up 
new possibilities for studying physical processes 
in longer time and more extensive spatial 
domains. Currently, various high-performance 
parallel computing is used in many areas. One 
of such applications is acoustics. One of the most 
important tasks of acoustics is the problem of 
wave field modeling.

There is a large amount of work devoted to 
numerical methods developed for the study of 
wave processes in recent decades. It includes the 
finite-difference method [7], the finite-volume 
method [4], the finite-element method [8], the 
two-level compact ADI method [11], the implicit 
Finite Difference Time Domain Methods [3], 
the boundary [integral] element method [9], 
and spectral methods [21]. A completely non-
linear model must be applied to many problems. 
Most models have been developed for technical 
applications. These numerical methods provide 
some of the most natural methods for modeling the 
propagation and scattering of underlying waves 
in electromagnetic, acoustic and elastic studies. 
However, as indicated in [10], the aforementioned 
methods have several disadvantages if the 
second-order equations are converted to first-
order systems before discretization, especially 
in the presence of several spatial dimensions. 
Therefore, recently, much attention has been paid 
to the development of efficient finite-difference 
methods that directly discretize second-order 
differential equations [5, 6].

The two-dimensional approach (as a 
conformal method) considers a highly idealized 
wave field, since even monochromatic waves 
in the presence of side perturbations quickly 
acquire a two-dimensional structure. The 
difficulties encountered are not a direct result 
of the increase in size. The main complication 

is that the problem cannot be reduced to a two-
dimensional problem, and even for the case of a 
two-periodic wave field, the problem of solving 
the Laplace-type equation for the velocity 
potential arises. Most models designed to study 
the three-dimensional dynamics of waves are 
based on simplified equations, such as second-
order perturbation methods, in which higher-
order terms are ignored. In general, it is unclear 
what effects are missing in such simplified 
models. Our current work is motivated by recent 
interest in the development and application 
of high-order compact difference methods for 
solving partial differential equations. Obviously, 
higher-order compact difference schemes have 
better resolution on stencils with a compact grid 
compared to non-compact or low-level methods 
[1, 12].
For multidimensional problems, the efficiency 
of an implicit compact difference scheme 
depends on the computational efficiency of 
the corresponding matrix solvers. From this 
point of view, the method of fractional steps 
[2] is promising because they can decompose a 
multidimensional problem into a series of one-
dimensional problems. It has been shown that 
schemes acquired are unconditionally stable.

For the proper assignment of large domains 
of modeling, two- or three-dimensional 
computational grids with a sufficient number 
of nodes are used. Calculations on such grids 
require more CPU time and computer memory 
resources. To accelerate the computation process, 
MPI technology was used in this paper, which 
allows the program to operate on larger grids (up 
to 1 billion nodes).

Here we consider some issues in the numerical 
simulation of some problems in the propagation of 
wave in acoustic on high performance computing 
systems.
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2. Wave equation: theoretical part
We consider two-dimensional wave equation

subject to the initial conditions

and boundary conditions

As it was theoretically outlined in [15, 16, 17] 
(also, see [13, 14, 18]), we start to analyze our 
problem by regularizing distribution function a(t) 
by a parameter ε, that is, we get

 as the convolution with 
the mollifier

,
with

where  to obtain

Hereinafter, we assume that . Then, 
instead of (2.1) we consider the regularized 
equation

Here, we put 

We note that supp

3. Numerical experiments
We introduce a space-time grid with steps 

 respectively, in the variables x,y, t:

and on this grid we will approximate the 
differential problem (2.6) with the conditions

(2.2)-(2.5) using the finite difference method.

3.1. The method of fractional steps
The fractional step method uses only 

implicit finite difference operators, which 
makes it absolutely stable in problems that do 
not contain mixed derivatives. It has a fairly 
significant stability margin in problems with 
mixed derivatives[2]. For problem (2.2)-(2.5) the 
scheme The method of fractional steps has the 
form

Using the implicit subscheme (3.2), the Thomas 
method is performed in the x direction, with the 
result that we get the grid function . In the 
second fractional time step, using the subscheme 
(3.3), the Thomas method is performed in the 
direction of the y axis, with the result that we get 
the grid function . The method of fractional 
steps has the order O(τ + ), i.e. the first order 
in time and the second in x and y variables. 
In the following, we demonstrate numerical 
simulations. All calculations are made in C++ by 
using the Thomas method. For all simulations ∆t 
= 0,5, ∆x=∆y= 0,1. In all computer simulations, 
we use Matlab R2018b.

Figure 1. Initial value of u at t = t0.
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Figure 2: Solution of u at t = t100.

4. Parallel Algorithm
On the basis of these methods we wrote 

the code of parallel modeling for the two-
dimensional wave equation with distribution 
coefficient. The overlapping is based on the 
way divisions of domains and keeps the implicit 
nature of the scheme. It corresponds to a 
completely implicit interpretation of Yanenko 
[20]. Each processor processes one subdomain. 
On each temporary step all processors update the 
internal knots (in parallel), and then exchange 
the interface knots with the neighbors. Unlike 
methods of decomposition of areas for elliptic 
tasks, our procedure is algebraically equivalent 
to consecutive. Our strategy leads naturally to a 

message passing implementation. We have chosen 
to use MPI in order to evaluate its ease of use 
and expressiveness, and also to benefit from its 
portability. According to the data decomposition 
format mentioned above, Fig. 3 demonstrates 
the pure MPI parallelization which is designed 
on the basis of serial algorithm by using peer-to-
peer mode and standard communication mode. 
In another word, the parallel program is executed 
on a multiprocessor cluster by creating one MPI 
process for each CPU on the system, and each 
process deals with different data obtained from 
the matrix. In this case all process interactions 
will happen via message-passing.

To parallelize problem (1.1) we apply the 
method proposed by N.N. Yanenko. With 
coauthors [20]. The method of Yanenko contains 
three stages:
1) finding prejudices,
2) finding the boundary-processor solutions,
3) restore solution.

The first and third stages are performed 
independently on each device (universal 
processor, accelerator or coprocessor). And the 
second stage requires communication between 
MPI processes. Thus, the efficiency of the 
parallelization of the Yanenko method directly 
depends on the efficiency of the parallelization 
of this stage.

Figure 3.Parallel model of MPI
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4.1. Parallel algorithm.
1: init parallel environment
2: for all MPI processes do in parallel
3: get the input parameters like N, L, pi,T
4: allocate local memory u0; u; alfa; beta;U; 

V;W and so forth
5: init variables and arrays
6: compute the initial condition u0 and 

boundary condition
7: record time t1
8: while (t < T) do
9: t ← t + τ
10: Compute ai, bi, ci, fi 
11: ai, bi, ← aτ2 
12: ci ← h2 + 2aτ2

13: 
14: 

15: Compute aj, bj, cj, fj
16: aj, bj ← aτ2

17: cj ← h
2 + aτ2

18: 
 

19: 

20: swap (  , )

21: swap (  , )

22: endwhile
23: record time t2
24: output t2- t1
25: stop parallel environment

5. Experimental Results
All calculations and tests were carried out on 

Satbayev universities cluster the cluster consisting 
of 5 nodes, each node has 12 core connected by 
a high-speed InfiniBand HCA 40Gb/s, QDR bus. 
Each node contains two Intel Xeon E5-2620v2 
6C / 12T 2.10GHz 15MB processors and 8 GB of 
RAM. The performance of a parallel algorithm is 
determined by calculating its speedup. Speedup 
is defined as the ratio of the worst-case execution 
time of the fastest known sequential algorithm for 
a particular problem to the worst-case execution 
time of the parallel algorithm.

 

where Ts is the serial run time, Tp is the parallel 
run time .

The efficiency is defined as the ratio of 
speedup to the number of processors. Efficiency

measures the fraction of time for which a 
processor is usefully utilized.

where S is the speedup, p is the number of 
processors. The test results are presented in table 
1 and figure 4.

Number of cores Execution time (in seconds) Speedup Programs efficiency (%)

1 465,84 1 100
2 271,32 1.72 85.85
4 128,12 3.64 90.90
8 61,01 7.64 95.44
10 47,45 9.82 98.17
16 42,57 10.94 68.39
20 41,09 11.34 56.69
32 35,11 13.27 41.46
40 34,78 13.39 33.48
50 34,26 13.60 27.19

Table 1 – Computational domain size is: Nx = Ny = 3000; Ntimesteps = 300, where Nx
 is the number of mesh points in x - direction, Ny is the number of mesh points in y - direction 
and Ntimesteps is the number of steps in time.
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6. Conclusion
We have implemented a parallel solver for the 

2D wave equation with a distributional coefficient, 
using the MPI standard. The implementation 
of the parallelization method of the Thomas 
algorithm for solving the wave equation 
arising in the simulation of two-dimensional 
physical processes on supercomputers has been 
implemented.

The test results show that the method of 
Yanenko is much more effective on individual 
nodes than the several nodes. This means that this 
method is very effective on personal computers 
than the cluster this is because it takes a lot of 

time to exchange data between nodes. In the 
future, it is planned to try to apply the method 
of parallel-cyclic reduction at the second stage of 
the Yanenko method, to investigate the possibility 
of increasing the parallelization efficiency, and 
to use vectorization in order to increase the 
acceleration from using coprocessors.

This work was supported by the MESRK 
Grant AP05130994 “Non-Harmonic Analysis 
and its applications” of the Committee of 
Science, Ministry of Education and Science of 
the Republic of Kazakhstan.
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