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MPI PARALLEL IMPLEMENT OF A WAVE EQUATION USING
AN IMPLICIT FINITE DIFFERENCE SCHEME

ALTYBAY A.!, TOKMAGAMBETOV N.2
'24l-Farabi Kazakh National University

Abstract: In this paper we will discuss the parallel implementation of the two-dimensional acoustic
wave equation using the implicit difference method. As the programming environment used the dis-
tributed memory model of parallel computation and MPI (Message Passing Interface) system. The
parallel approach is based on the parallelization of the tridiagonal matrix and uses the Yanenko
method. The performance of the parallel algorithm has been studied using distributed computing
method, and performed on supercomputer cluster.It has been observed that the parallel implementa-
tion provides a significant reduction in the computation time when compared with the serial imple-
mentation algorithm.

Key words: parallel programming, high-performance computing,numerical simulation, MPI, wave
equation, cluster

EKI OJIINEM/II TOJKBIH TEHJIEVIH, AWKBIH EMEC AMBIPMBLIBIK
CXEMACBHIH KOJJAHA OTBIPBII MPI TTAPAJUIEJ )KY3ETE ACBIPY

Anoamna: Byn scymvicma 0i3, exionuemoi aKyCmuKaiblK moiKblH meyoeyiHalublKH eMec aublpblm-
OBbLIbIK CXEMACHIH KOLOAHA OMbIPLIN NApalielb OPblHOALYbIH Kapacmeipamsls. [Ipoepammanay op-
macwl peminoe napainenvoi ecenmeyoiy yiecmipineen scad mooenitn scane MPI (Message Passing
Interface) acyiieci Konoanowl. Ilapannenvoey adici yur OUazoHaIbObl MAMPUYAHBIH NApajlienoeyee
Heziz0eneen dcane HAHenko adicin Konoanaowl. Ilapannens aneopummuiy 6HiMOLNICI yaecmipineeH
ecenmey 20ici apKblibl 3epmmeindi KHcaHe Cynepkomnviomep Kiacmepinoe opbiHoanovl. Ilapannensoi
ecenmey, mizoekmetl ecenmey A12OPUMMIMEH CATLICMBIPRAHOA ecenme) YaKbimbiH e0ayip KblCKap-
myobl, KAMMAMACH3 ememinoici 6auKaiobl.

Tyiinoi ce3dep: napannenvoi NpocPaAMMAAy, Ho2apvl OHIMOLLIKMI ecenmey, CaAHObIK MOO0enboey,
MPI, mongvin menoeyi, kiacmep

MPI ITAPAJIVIEJIBHASA PEAJIM3ALIUA ABYMEPHOI'O BOJTHOBOT' O
YPABHEHUSA C UCITIOJIb30BAHUEM HESIBHOM
KOHEYHO-PABHOCTHOM CXEMBbI

Annomayun: B smoii cmamve mbi 006cyOUM NAPATNENbHYIO Peanu3ayuio 08YMepHO20 YPABHEHUS
aKycmuyeckol 60JHblL C UCHONb308AHUEM Memood HeA8HuIX paznocmeu. B kauecmee cpedvi
NPOCPAMMUPOBAHUSA UCNONL30BANACH MOOENb PACHPEOeIeHHOU NAMAMU NAPALIENbHbIX GbIYUCTeHUL U
cucmema MPI (Message Passing Interface). Ilapannenvhuiii n00X00 0CHO8AH HA PACNAPANIETUBAHUU
MpPexouazoHaIbHOU Mampuybl U UCNOAb3Yem Memoo Anenxo. IIpouzeooumenvHocms NapaiieibHo2o
aneopumma OvLIa U3V4eHa ¢ UCNONb308AHUEM MemOoO0d pacnpeesenHbIX 8bIYUCTIeHUN U GbINOIHEHA
Ha Kaacmepe cynepkomnviomepos. Habnodanocsy, umo napannenvHas peanuzayus obecnevusaem
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OU33UKO-MATEMATHYECKHUE U TEXHUYECKHUE HAYKH

3HaAYumelbHoe COKpaujeHue 6pemeHu BbIYUCTEHUL NO CDABHEHUIO C AJlcOpUmMmMOm nocned08amenbHoll

peaiusayuu.

Knrwouesvie cnosa: napannenvHoe npocpammuposanue, 6biCOKONPOU3800UMENbHbIE GbIYUCTEHU,
yucnennoe mooenuposanue, MPI, eonnosoe ypasnenue, kiacmep

1. Introduction

The application of high-performance parallel
computing in mathematical modeling opens up
new possibilities for studying physical processes
in longer time and more extensive spatial
domains. Currently, various high-performance
parallel computing is used in many areas. One
of such applications is acoustics. One of the most
important tasks of acoustics is the problem of
wave field modeling.

There is a large amount of work devoted to
numerical methods developed for the study of
wave processes in recent decades. It includes the
finite-difference method [7], the finite-volume
method [4], the finite-element method [§], the
two-level compact ADI method [11], the implicit
Finite Difference Time Domain Methods [3],
the boundary [integral] element method [9],
and spectral methods [21]. A completely non-
linear model must be applied to many problems.
Most models have been developed for technical
applications. These numerical methods provide
some of the most natural methods for modeling the
propagation and scattering of underlying waves
in electromagnetic, acoustic and elastic studies.
However, as indicated in [10], the aforementioned
methods have several disadvantages if the
second-order equations are converted to first-
order systems before discretization, especially
in the presence of several spatial dimensions.
Therefore, recently, much attention has been paid
to the development of efficient finite-difference
methods that directly discretize second-order
differential equations [5, 6].

The two-dimensional approach (as a
conformal method) considers a highly idealized
wave field, since even monochromatic waves
in the presence of side perturbations quickly
acquire a two-dimensional structure. The
difficulties encountered are not a direct result
of the increase in size. The main complication

is that the problem cannot be reduced to a two-
dimensional problem, and even for the case of a
two-periodic wave field, the problem of solving
the Laplace-type equation for the velocity
potential arises. Most models designed to study
the three-dimensional dynamics of waves are
based on simplified equations, such as second-
order perturbation methods, in which higher-
order terms are ignored. In general, it is unclear
what effects are missing in such simplified
models. Our current work is motivated by recent
interest in the development and application
of high-order compact difference methods for
solving partial differential equations. Obviously,
higher-order compact difference schemes have
better resolution on stencils with a compact grid
compared to non-compact or low-level methods
[1, 12].

For multidimensional problems, the efficiency
of an implicit compact difference scheme
depends on the computational efficiency of
the corresponding matrix solvers. From this
point of view, the method of fractional steps
[2] is promising because they can decompose a
multidimensional problem into a series of one-
dimensional problems. It has been shown that
schemes acquired are unconditionally stable.

For the proper assignment of large domains
of modeling, two- or three-dimensional
computational grids with a sufficient number
of nodes are used. Calculations on such grids
require more CPU time and computer memory
resources. To accelerate the computation process,
MPI technology was used in this paper, which
allows the program to operate on larger grids (up
to 1 billion nodes).

Here we consider some issues in the numerical
simulation of some problems in the propagation of
wave in acoustic on high performance computing
systems.
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2. Wave equation: theoretical part
We consider two-dimensional wave equation
o [Fu Bl
| L

R ¥ T Fl,"fi.' ¥oelo (e (mad) & [0 T] = [0d]: (210

P w

T

subject to the initial conditions
ull; r,¥) = @ (x, ¥k x: v € [0: I]; (2.2)
du(0, x, v)

dt
and boundary conditions

=g (xy) oy € [0;: 1] (2.3)

u(t,x,0) = Qultxl}= 0¢ € [0,T],x € [0.0]);[2.4)

u(t,0,¥] = 0,u(t,lLy)= 0, € [0,T].¥ € [0,I].(2.5)

As it was theoretically outlined in [15, 16, 17]
(also, see [13, 14, 18]), we start to analyze our
problem by regularizing distribution function a(t)
by a parameter ¢, that is, we get

Fale — N . X
a (t):= (a* @ )(1), as the convolution with
the mollifier
1 ..

w0, (1) = " @(t/s)

with
= {I:' =

nﬁ‘{ﬂ s e
0,1t > 1.

1
1L —ins

where ¢ 2 0,443994 to obtain

Hereinafter, we assume that ' IEI_ Then,

instead of (2.1) we consider the regularized

equation

A eyl — (3, + 32 ltmy] =00 (nx)) & [0T] = [hao]i2e6)

Here, we put
|

vylry) =| i =57 2 [p— 55— 05 D
0 fx— 5P + (w- 88— DE> 0

We note that supp
L T [4:5; 5:5] = [4:5; 5:5].

3. Numerical experiments
We introduce a space-time grid with steps
i, h,, T respectively, in the variables x,y, t:

. = m et = RNy, =k jom L o= b k= 01, H 4

aﬁd on this grid we will approximate the
differential problem (2.6) with the conditions
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(2.2)-(2.5) using the finite difference method.

3.1. The method of fractional steps

The fractional step method uses only
implicit finite difference operators, which
makes it absolutely stable in problems that do
not contain mixed derivatives. It has a fairly
significant stability margin in problems with
mixed derivatives[2]. For problem (2.2)-(2.5) the
scheme The method of fractional steps has the
form

Using the implicit subscheme (3.2), the Thomas
method is performed in the x direction, with the
result that we get the grid function 1,***/?. In the
second fractional time step, using the 'subscheme
(3.3), the Thomas method is performed in the
direction of the y axis, with the result that we get
the grid function -.-,.;.EIH. The method of fractional
steps has the order O(t + |h*|), i.e. the first order
in time and the second in x and y variables.
In the following, we demonstrate numerical
simulations. All calculations are made in C++ by
using the Thomas method. For all simulations At
= 0,5, Ax=Ay= 0,1. In all computer simulations,
we use Matlab R2018b.

Figure 1. Initial value of u at t = t0.
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Figure 2: Solution of u at t = t100.

4. Parallel Algorithm

On the basis of these methods we wrote
the code of parallel modeling for the two-
dimensional wave equation with distribution
coefficient. The overlapping is based on the
way divisions of domains and keeps the implicit
nature of the scheme. It corresponds to a
completely implicit interpretation of Yanenko
[20]. Each processor processes one subdomain.
On each temporary step all processors update the
internal knots (in parallel), and then exchange
the interface knots with the neighbors. Unlike
methods of decomposition of areas for elliptic
tasks, our procedure is algebraically equivalent
to consecutive. Our strategy leads naturally to a

message passing implementation. We have chosen
to use MPI in order to evaluate its ease of use
and expressiveness, and also to benefit from its
portability. According to the data decomposition
format mentioned above, Fig. 3 demonstrates
the pure MPI parallelization which is designed
on the basis of serial algorithm by using peer-to-
peer mode and standard communication mode.
In another word, the parallel program is executed
on a multiprocessor cluster by creating one MPI
process for each CPU on the system, and each
process deals with different data obtained from
the matrix. In this case all process interactions
will happen via message-passing.

To parallelize problem (1.1) we apply the
method proposed by N.N. Yanenko. With
coauthors [20]. The method of Yanenko contains
three stages:

1) finding prejudices,
2) finding the boundary-processor solutions,
3) restore solution.

The first and third stages are performed
independently on each device (universal
processor, accelerator or coprocessor). And the
second stage requires communication between
MPI processes. Thus, the efficiency of the
parallelization of the Yanenko method directly
depends on the efficiency of the parallelization
of this stage.

m start
|

| Sequential code

LA SRS £ orprraemcalion £ FRL B T
_____ Paratiel | ______| Paratlel |, ______| Parallel
Code Code Code
MFI FINALIZE | | MF1 FRUALIFE | | MP| FINALZE | | MPI FINALIZE |
| | | 1
!
| Sequential code |

Figure 3.Parallel model of MPI
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4.1. Parallel algorithm.

1: init parallel environment

2: for all MPI processes do in parallel

3: get the input parameters like N, L, p1,T

4: allocate local memory u’; u; alfa; beta;U;
V;W and so forth

5: init variables and arrays

6: compute the initial condition v’ and
boundary condition

7: record time t1

8: while (t<T) do

Ote—t+r

10: Compute a, b, c, f;

11: ai, bi, <« a7’

12: ¢ci «— h? + 2a7’

1

. KT 4 1
— h u. ‘—Zh‘::i}

13: fi
14: k+1

) e YanenkoMethod{a, b, c,. ;)

7

15: Compute a, bj, ¢, fj
16: a, bjx—arz
17: c].<—h2 + at’

2 k412
18: f; + R2uf — 2h%u

19: W5 « VanenkeMethod(a,, b, ¢, f;)

20: Swap ("i-: -1/2 , "i-: .-H._':)

q 7
=i

21: swap ('u'f_, , uh’“)

Table 1 — Computational domain size is: N =N =3000; N,

22: endwhile

23: record time t2

24: output t2- t1

25: stop parallel environment

5. Experimental Results

All calculations and tests were carried out on
Satbayev universities cluster the cluster consisting
of 5 nodes, each node has 12 core connected by
a high-speed InfiniBand HCA 40Gb/s, QDR bus.
Each node contains two Intel Xeon E5-2620v2
6C /12T 2.10GHz 15MB processors and 8 GB of
RAM. The performance of a parallel algorithm is
determined by calculating its speedup. Speedup
is defined as the ratio of the worst-case execution
time of the fastest known sequential algorithm for
a particular problem to the worst-case execution

time of the parallel algorithm.
o
T
where T is the serial run time, T, is the parallel
run time .
The efficiency is defined as the ratio of
speedup to the number of processors. Efficiency
measures the fraction of time for which a

processor is usefully utilized.
5T,
p pT,

5

E =

where S is the speedup, p is the number of
processors. The test results are presented in table
1 and figure 4.

=300, where N

imesteps

is the number of mesh points in x - direction, N, is the number of mesh points in y - direction

and N, s is the number of steps in time.
Number of cores Execution time (in seconds) Speedup Programs efficiency (%)
1 465,84 1 100
2 271,32 1.72 85.85
4 128,12 3.64 90.90
8 61,01 7.64 95.44
10 47,45 9.82 98.17
16 42,57 10.94 68.39
20 41,09 11.34 56.69
32 35,11 13.27 41.46
40 34,78 13.39 33.48
50 34,26 13.60 27.19
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6. Conclusion

We have implemented a parallel solver for the
2D wave equation with a distributional coefficient,
using the MPI standard. The implementation
of the parallelization method of the Thomas
algorithm for solving the wave equation
arising in the simulation of two-dimensional
physical processes on supercomputers has been
implemented.

The test results show that the method of
Yanenko is much more effective on individual
nodes than the several nodes. This means that this
method is very effective on personal computers
than the cluster this is because it takes a lot of

time to exchange data between nodes. In the
future, it is planned to try to apply the method
of parallel-cyclic reduction at the second stage of
the Yanenko method, to investigate the possibility
of increasing the parallelization efficiency, and
to use vectorization in order to increase the
acceleration from using coprocessors.

This work was supported by the MESRK
Grant AP05130994 “Non-Harmonic Analysis
and its applications” of the Committee of
Science, Ministry of Education and Science of
the Republic of Kazakhstan.
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CT.IIpenojaBarenb, EBpasuiickuii HanmoHanbHBIM YHUBEPCUTET
nm. JI.H. I'ymunesa

mpodeccop, Oxno0-Kazaxcranckuit rOCyIapCTBEHHBIN
yHuBepcuTeT uM. M. Ays3oBa
K.T.H., JoueHt, IOxHo-Ka3axcTanckuii rocynapCTBEHHBIN

yHUBepcuTeT M. M. Ays3oBa
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ToxmaramoOeros H.

Tonemes A.T.

Typcein6aii H.®.

VYBanmuesa .M.

Ymapos ©.D.

Lloit JT.L.

lomak A.A.

[ITopmanos T.C.

Ounuesa H.P.

Snrapos U.1.

PhD, wu.o.mouenta, Kaszaxckuiti HanmoHanbHBI yHUBEPCHUTET
uM. anb-Dapadbu

Maructpant, Ka3zaxckuil ArpOTEXHWUYECKHH  YHHBEPCHUTET
uM. C. Ceitdynuna, r. Hyp-Cynran

MarucTp, cr.apernoaaBarenb, Kazaxckuii ArpoTexXHHUYECKUN
yauBepcuteT uM. C. Ceiidynnuna, r. Hyp-Cynran

PhD, nouent, Boctouno-Kazaxcranckuii TocCynapcTBEHHBIN
TexHuueckuii yauBepcuteT uM. JI. CepuxOaeBa

n.¢.-mH., mpodeccop, AO  "Kazaxcrancko-bpuranckwmii
TEXHUYECKUI YHUBEpCUTET"

MHC, MexayHapoaHblii yHHBEPCUTET HH(POPMAIIMOHHBIX
TEXHOJIOTUH

K.T.H., Ipodeccop, Tapazckuil rocynapcTBeHHbI YHUBEPCUTET
M. M.X. Jlynaru

JIOKTOPAHT, Kazaxckuit HannonanbeHbIi YHUBEPCUTET
uM. anb-Dapadu

K.T.H., goueHt, BHC, HWactutyT UWHQOPMAIIMOHHBIX W
BBIYMCIIMTEIIbHBIX TEXHOJIOTUN

1.¢.-M.H., IHCTUTYT HOHHO-IIIA3MEHHBIX U JIa3€pHBIX TE€XHOJO-
ruii Akagemuu Hayk Pecniyonuku Y30ekucTtan
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KASAKCTAH-BPUTAH TEXHUKATNbBIK YHUBEPCUTETIHIH
XABAPLUbICbI

HERALD
OF THE KAZAKH-BRITISH TECHNICAL UNIVERSITY

BECTHUK
KASAXCTAHCKO-BPUTAHCKOIO TEXHUYECKOIO YHUBEPCUTETA

OTBeTCTBEHHbIN 3@ BbIMYCK EcbepreHos [Jocbim BekTteHoBMY

PepakTopbl [anabaesa Ancapa KacbimbekoBHa
CapgraHoBa Onbmupa AbByoBHa

KoMnboTepHbIA An3anH Aasbaea 3apnHa KosybekoBHa

KomnbtoTepHasa BepcTka EnemaHoBa [aHa KanpkenbgbleBHa

Pepakuus xxypHana «BectHuk KBTY» He HeceT OTBETCTBEHHOCTbL 3a COAepKaHne
nyonukyembix ctaten. CogepxxaHna ctaTen LeENUKOM NpuHaanexart aBTopam,
N pasmeLLatoTCca B XKypHarne UCKNYMUTENBHO Mo X OTBETCTBEHHOCTD.

M3paHne KasaxctaHcko-bpuTaHCKOro TeXxHMYeCcKoro yHuBepcuTeTa
N3patenbckun ueHTp KBTY, Anmatsl, yn. Tone 6u, 59



KAZAKH BRITISH

T E C H N I C A L

UNIVERUSITY

®AKYINBLTET FrEOJTIOrMN N HESTEFA30BOI'O [ENA:
NMPOrPAMMA «<HE®TEIFA30BOE [EJIO»

« TECHOE NapTHEPCTBO C HePTEra3oBbIMN KOMMaHUSMU;

« MONyYeHNe 3HaHUIA HenmocpeaCcTBEHHO
OT NpeacTaBuTenein HedTerasoBon MHAYCTPUU;

* Nony4vyeHne npomn3BoaCcTBEHHOrIO OonbiTa Ha
6a3e HauMOHanbHbIX U TpaHCHaLUMOHalbHbIX
KOMMNaHum QHEpPreTn4ecKoro Komrnriekca,

. pa60Ta C coBpeMeHHbIMKM nNporpaMmmMmHbIMA

npogyktamu (Eclipce, Petrel, PetroMod,
KAPPA, PC-PUMP, GOCAD, ECOS, Surfer)

Hawwm BbINMYCKHUKHN pa60Ta|0T B KOMNaHUAX:

@ Kaamymairaz §#e <oz Transol

3 KazTransGas m

K = 1A

Bl Ratiadk

wE o
HUGHES

NEOC

HALLIBURTON

Hawm KOHTaKTbI:
+7 (727) 357 42 42
www.kbtu.kz




