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MASS GAP FOR A MONOPOLE INTERACTING
WITH DIFFERENT NONLINEAR SPINOR FIELDS

We study the properties of the mass gap for monopole solutions in SU(2) Yang-Mills theory with a source
of the non-Abelian gauge field in the form of a spinor field described by the nonlinear Dirac equation. Different
types of nonlinearities parameterized by the parameter A are under consideration. It is shown that for the
range of values of this parameter studied in the present paper the value of the mass gap depends
monotonically on this parameter, and the position of the mass gap does not practically depend on A.

In the present paper, we study the dependence of the size of a mass gap, its position, etc., on the value
of a parameter describing the nonlinear self-interaction potential of the spinor field.

By the term a position of the mass gap, we mean the value of the frequency Ej, for which the energy
spectrum has a minimum. It is of interest to note that the position of the mass gap E,, does not practically
depend on the nonlinearity parameter A. One can assume that in fact this is the case, and deviations from this
value are related to errors in numerical calculations. It is of interest that the position of the mass gap does not
practically depend on the value of the nonlinearity parameter, at least in the range of values of the spinor field
nonlinearity parameter considered here.

Key words: non-Abelian SU(2) theory; nonlinear Dirac equation; monopole; energy spectrum; mass gap;
nonlinearity parameter.
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OPTYPAi CbI3bIKTbI EMEC CNUHOPBIK 8PICTEPMEH ©3apa apeKeTTeceTiH
MOHOMOAb YLLiH Maccanbik CaHblnay

HymbicTa AHT-Munnc TeopusacbiHbiH SU (2) MOHOMOAUANLIK LWeWiMAepi YILiH MacCanblK, caHbliaydblH,
KacnetTepiH abengik emec Kannbpnaik epiciHiH, Kes3i [MpaK Cbi3blKTbl emec TeHJeyiMeH cunaTTanfaH
CMUHOPABIK epic TypiHae 3epTTenreH. A napameTpiMeH cunaTTanaTblH CbI3bIKTbIK eMec ap TypAai TUNTep
KapacTblpbiaabl. OpbIHAANFAH KYMbICTA 3epTTeNreH napameTpaiH, MaHAEP ayKbIMbl YILIH MaccanblK CaHbliay
Me/ilepi MOHOTOHAbI TYPAE A NnapameTpre Tayei, an MaccasblK CaHblaay OpHbI ic Ky3iHae A-Fa Tayenai emec
eKkeHiri kepceTinreH. ymbicTa 6i3 MaccanbliK caHbl1ayAblH, WAaMaCbIHbIH TaYeAiNiriH, OHbIH OPHbIH XaHe T. 6.
3epTTENMI3. CbI3bIKTbIK eMeC NOTeHLMaNAbl CMNATTalTbIH NapameTp MaHIHEH Kepi epicTeri e3apa apeKeTTecy.
MaccanbliK caHblfayAblH NO3ULMACKI TEPMUHI peTiHae 6i3 E‘A MMINITIHIH, M3HIH TyCiHEMI3, 0 YWiH 3Heprua
CNEKTPIHIK MWUHUMYMbI 6onaabl. Bip Kbi3blfbl, E"A MaccanblK aNWaKTbIKTbIH, *Kafdanbl Cbi3bIKTbIK emec A
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napameTpiHe 6aliaHbICTbl emMec. by WbiHbIMEH Ae conain aen bosixKayra 6onasbl, *KaHe Oy MIHHEH aybITKY
CaHAbIK ecenTeynepaeri KaTesikTepmeH HannaHbICTbl. HaTexke »Ky3iHAe MaccasblK CaHbliaydblH OPHbI iC
Y3IHAE CbI3bIKTbIK eMeC MapameTpAiH WamacbliHa Tayeni emec, Kem JereHae ocCbl Xepae KapacTblipblifaH
CMUHOP/bIK BPICTiH, CbI3bIKTbIK EMeC NapaMeTp MaHAEPIHIH AMana3oHbIHAA.

TyliiH cespep: Abenaik emec SU (2) Teopusa; [MpaKTbiH, CbI3bIKTbl emec TeHAeyi; MOHOMNoAus,
3HepreTUKablK CNEKTP; MACcCa/iblK CaHbl/ay; Cbi3bIKTbIK EMeC NapameTp
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MaccoBas wenb 41a MOHONOoAA, B3aMMO,£I,EﬁCTByIOLLI,EI'O C pa3/In4HbIMKN
HeNIMHEeNHbIMK CNUHOPHbIMK NOSIAMUA

Mbl M3y4aem CBOMCTBA MacCOBOroO PaspbiBa A1 MOHOMObHbIX peweHuit B SU(2) Teopun AHra-Munnca
C UCTOYHMKOM HeabeneBa KaaMHbPOBOYHOrO NonAa B BMAE CMMHOPHOIO MOASA, OMUCLIBAEMOrO HeNMHENHbIM
ypaBHeHuem [lnpaKka. PaccmaTpmBatoTca pasinyHble TUMbl HEIMHENHOCTEN, XapaKTepusyemble napameTpom
A. TloKkasaHo, YTo A1 M3y4aeMoro B HacToAllen paboTe AMana3oHa 3HAYeHU 3TOro napameTpa BeanyMHa
MacCoOBOro pa3pblBa MOHOTOHHO 3aBMCMT OT 3TOrO MNapameTpa, a MOJI0KEHME MACCOBOro pa3pbliBa
NPaKTUYECKN He 3aBUCUT OT A. B HacTosweln pabote mbl MCCaeayem 3aBUCMMOCTb BEIMYMHBI MacCOBOTO
3330pa, €ro MoJIoKeHMA W T.A. OT 3HAYeHMA napameTpa, OMNUCHIBAKOWErO HEAMHEMHbIM NoTeHuUMan
CamMoencTeme B CnMHOPHOM none. oa TEPMUHOM MOJSIOXKEHME MACCOBOM LIEAM Mbl MOHMMAEM 3HaYeHue
yacToTbl £A, ANA KOTOPOMN SHEPreTUYEecKUi CNeKTp UMeeT MUHUMYM. VIHTepecHO OTMETUTb, YTO NONOKEHUe
MaccoBoit wenu E, npakTyecku He 3aBUCUT OT NapameTpa HeMHeMHOCTU A. MOXHO NpeanonoKuTb, YTo 3TO
OENCTBUTENIbHO TaK, a OTK/JOHEeHMA OT 3TOr0 3HaYeHMs CBA3aHbl C OLWMOKaMM B YMCAEHHbIX pacyeTax.
MprmeyaTenbHO, YTO MONOXKEHME MACCOBOrO 3a30Ppa MPAKTUYECKM HE 3aBUCUT OT BEAMYMHbLI NapameTpa
HENMHEMHOCTN, NO KpaHel Mepe, B pPaACCMATPMBAEMOM 3/eCb JAManas3oHe 3Ha4YeHWi napameTpa
HENMHENHOCTN CMMHOPHOrO NOAS.

Kniouesble cnosa: Heabenesa SU(2) TeopuAa; HenuHelnHoe ypasBHeHue [upaka;
3HEepPreTUYECKMn CNEKTP; MAcCoBas LLeNb; MapameTp HEANHENHOCTMU.

MOHOMNO/Nb,

Introduction

The problem of a mass gap occupies a special
place in quantum chromodynamics. The significance
of this problem is related to the fact that its solution
requires the development of nonperturbative
quantization methods in field theory, which are
absent at present. It should be emphasised that the
nonperturbative  quantization is carried out
numerically in lattice calculations. However, such
calculations do not enable one to have a full
understanding of the nonperturbative quantization,
and some questions of principle still remain to be
clarified: What are the properties of operators of a
strongly interacting field? How one can determine a
guantum state of such a field? Also, there are many
other unclear guestions for which there are answers in

the case of perturbative quantization using Feynman
diagrams.

In this connection, the question arises as to the
existence of a mass gap in other theories. The
presence of a mass gap in any theory is of interest by
itself, but it is also possible that such a theory may
serve as some approximate description of
nonperturbative effects in quantum theory involving
a strong interaction. In Refs. [1, 2], it is shown that in
SU(2) gauge theory with a source in the form of a
nonlinear spinor field, there exist topologically trivial
solutions with a radial magnetic field (“monopoles”).
Such “monopoles” possess the following features: (a)
the radial field decreases as =3 at infinity (this is the
reason why we use quotation marks for the word
monopole); (b) the solutions are topologically trivial,
unlike those describing the ’t Hooft-Polyakov
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Mass gap for a monopole interacting with different nonlinear spinor fields

monopole; (c) the most interesting fact is that the
energy spectrum of such solutions has an absolute
minimum, which we can refer to as a mass gap.

In the absence of a SU(2) gauge field, the
corresponding mass gap was found in Refs. [3, 4] in
studying a nonlinear spinor field. These references
also consider a generalization of nonlinear spinor
field when one introduces some constant in the
nonlinear term for the spinor field. In the present
paper we study effects of the presence of a mass gap
and its properties in a system containing such a
nonlinear spinor field.

The nonlinear Dirac equation was introduced by
W. Heisenberg as an equation describing the
properties of an electron. The classical properties of
this equation, in particular, its soliton-like solutions,
were investigated in Refs. [3, 4]. Subsequently one of
variants of the nonlinear Dirac equation was
employed for an approximate description of the

L=

Here my is the mass of the spinor field; D, =9, —
i%a“Aﬁ is the gauge-covariant derivative, where g is
the coupling constant and o are the SU(2) generators
(the  Pauli  matrices); Fj = 0,47 —d,A; +
gsabcAﬁAf, is the field strength tensor for the SU(2)
field, where ¢g4p. (the completely antisymmetric
Levi-Civita symbol) are the SU(2) structure
constants; A is a constant; y# are the Dirac matrices
in the standard representation; a,b,c = 1,2,3 are
color indices and u,v =0,1,2,3 are spacetime
indices; V(3,y) is the potential describing the

properties of hadrons (this approach is called the
Nambu-Jona-Lasinio model [5]; for a review, see Ref.

[6]).

In the present paper we study the dependence of
the size of a mass gap, its position, etc., on the value
of a parameter describing the nonlinear self-
interaction potential of the spinor field.

Methods

Equations and Ansatze for Yang-Mills fields
coupled to a nonlinear Dirac field

In this section we closely follow Ref. [1, 2]. The
Lagrangian describing a system consisting of a non-
Abelian SU(2) field A7 interacting with nonlinear
spinor field ¥ can be taken in the form

— iFﬂ%F“’“’ + ihcpyH Dy — meciPrp + %ghCV(lﬁ, P). (1)

nonlinear self-interaction of the spinor field .
According to Ref. [4], this potential is a linear
combination of scalar and pseudoscalar interactions:

V@p,¥) = a@y)? + By y)? (2)

where a and § are constants.

Our purpose is to study monopole-like solutions
of these equations. To do this, we use the standard
SU(2) monopole Ansitz

0 sing sinfcosfcosp
A} = é[l —f()] (0 —CosQ sin9c05951n<p>, i =r,0,p(inpolarcoordinates), 3
0 0 —sin?6
Af =0 (4)

and the Ansdtz for the spinor field from Refs. [7, 8]
o~ (0 u
Y’ = grﬁ<—u>,<0 )
ivsinfe "¢ —ivcosf
(—ivcos@ >; (—ivsm@eup) )

where E /# is the spinor frequency and the functions
u and v depend on the radial coordinate r only.

We will seek a solution to the Euler-Lagrange
equations coming from the variation of the
Lagrangian (1). Substituting in these equations the
Ansdtz (3)-(5), the expression (2), and integrating
over the angles 8, ¢ (for details see Ref. [4]), the
resulting equations for the unknown functions f,u,
and v are

v f221) | b
s g0, ()
~2_ 92
v+l =a(-1+E+555) (@)
~ U ~  Ul-AD?
u—;—v(—l—E+ P ) (8)
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Here, for convenience of making numerical
calculations, we have introduced the following
dimensionless variables: x=r/., i=

uJA/A.g, 7 = vi/AAcg, E = A E/(hc), G2 =

ghcaAZ/A, where A, = h/(msc) is the Compton

wavelength and A is some combination of the
constants a, 8. The prime denotes differentiation with
respect to x.

The total energy density of the monopole under
consideration is

o 1 [ (fP-1)? _T%+ 9% (12 — AD?)?
E=Epté& == —+ x? +|E " + .

2|2
galx

Here the expressions in the square brackets
correspond to the dimensionless energy densities of

4 2
the non-Abelian gauge fields, &,, = A;N—fsm, and of
A

4 2
the spinor field, & = ’E—fss.
A
Correspondingly, the total energy of the
monopole is calculated using the formula

[oe]

_ Ag?
Wts;—‘zwtzzmj x2édx =

A

= (W), + (W), (10)
where the energy density & is taken from Eq. (9), and
it is the sum of the energies of the magnetic field and
the nonlinear spinor field.

Numerical results and Discussion

Numerical integration of Egs. (6)-(8) is carried
out using the shooting method with the boundary
conditions given for x = § « 1 (for details see Refs.

[1, 2]):

f(6)=1+%62,

f'®)=f6, u6)=u6 (11)

The value of the parameter ¥, can be found from
Egs. (6)-(8), ¥, = 2@, (E — 1 + Aq?)/3. Adjusting
the values of the parameters f,, i, one can find the
required regular solutions.

Our purpose is to construct a spectrum of
solutions for different values of A. To do this, we find
regular solutions for different values of the frequency
E with a fixed value of the parameter A. For every
value of E, we calculate the total energy W, given by
the expression (10). Then we construct the
dependence W, (E), using which it is possible to find
amass gap as a minimum of the function W, (E). Such
a procedure is repeated for different values of the
parameter A. In the present study we investigate the

)

2x*

dependence of the value of the mass gap A(1) on the
parameter A. Also, we study the dependence £, (1) on
the same parameter, where the quantity £, is defined
as the value of the frequency E for which the energy
spectrum has a minimum, i.e., it is the position of the
mass gap on the axis E.

The typical solution of the equations (6)-(8) is
given in Fig. 1, where the profiles of the functions
f(x),¥(x), and ii(x) are given. Fig. 2 shows the
typical distribution of the energy density (9), as well
as the profiles of the physical components of the color
magnetic fields H{* defined as H{=—(1/
ANG el-ijaf", where i, j, k are space indices and y is
the determinant of the spatial metric. This gives the
components

ol (12)
T grz )
Hg“'lf', (13)
g
HE~ g (14)
g

where a=1,2,3 and we have dropped the
dependence on the angular variables. In these figures,
we use quotation marks for the term “monopole”
since the asymptotic behavior of the radial magnetic
field H¢~r~3 differs from that of the ’t Hooft-
Polyakov monopole, for which H¢~r~2,

Fig. 3 shows the dependence of the energy
spectrum W, (E) on the parameter A. From this figure,
one can conclude that when A increases, the energy
spectrum rises, that is the corresponding values of the
energy W, incr.

Our main purpose here is to study the dependence
of the value of the mass gap A on the nonlinearity
parameter A characterizing the properties of the
nonlinear potential of the spinor field .
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Figure 1 — The typical behavior of the functions
f, 1, and ¥ of the “monopole” solution for §, =
0.3354,1 = 0.8,F = 0.99,f, = —0.0042694,u, =
0.46657
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Figure 2 — The typical behavior of the magnetic
fields H,, H, g given by Egs. (12)-(14) and the
energy density & from Eq. (9) of the “monopole”
solution for §, = 0.3354,4 = 0.8,F = 0.99, f, =
—0.0042694,u, = 0.46657
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Figure 3 — The energy spectra of the “monopole”
solutions for different values of the nonlinearity
parameter A

The corresponding results of computations are
given in Fig. 4. In turn, Fig. 5 shows the dependence
of the position of the mass gap on the nonlinearity
parameter A. By the term a position of the mass gap,
we mean the value of the frequency E, for which the
energy spectrum has a minimum. It is of interest to
note that the position of the mass gap E, does not

8

practically depend on the nonlinearity parameter A.
One can assume that in fact this is the case, and
deviations from this value are related to errors in
numerical calculations.
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Figure 4 — The dependence of the mass gap A on the
nonlinearity parameter A
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Figure 5 — The dependence of the position of the
mass gap £, on the nonlinearity parameter A

Conclusions

In the present paper we have studied the
dependence of the value of the mass gap and its
position on the parameter describing the nonlinearity
of the spinor field in the Dirac equation. We have
found out that the value of the mass gap, which is
assumed to be a global minimum of the energy
spectrum of the “monopole” solution in SU(2) Yang-
Mills theory with a source in the form of a nonlinear
spinor field, depends smoothly on the nonlinearity
parameter of the spinor field. We use the word
“monopole” in quotation marks because the magnetic
field decreases asymptotically as =3, unlike the ’t
Hooft-Polyakov monopole solution where the
magnetic field decreases according to the Coulomb
law: r=2. It is of interest that the position of the mass
gap does not practically depend on the value of the
nonlinearity parameter, at least in the range of values
of the spinor field nonlinearity parameter considered
here.

Thus, the study indicates that the mass gap in
SU(2) Yang-Muills theory with a source in the form of
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