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ABSTRACT

This thesis is devoted to the numerical approximation and parallel computing of
the hyperbolic type equations with singular coefficients such tsunami and acoustic wave
equations, and development of software complex for investigation of wave equation
with singular coefficients.

In the first chapter, we present the mathematical models of hyperbolic type
equations with singular coefficients such as tsunami and acoustic wave equation. Then
we transform the partial differential equations to finite difference schemes. We compare
explicit and implicit finite difference schemes, as a result of comparing we choose
implicit schemes for our further implementation.

Our numerical realization based on the implicit finite difference scheme and the
robustness of this scheme is validated on the tsunami wave equations model. And in this
section we have briefly described the concept of very weak solutions.

At the end of this chapter we used our model to study the Caspian tsunami and,
then we carried out numerical modeling and made different predictions relative to the
tsunami, reaching the shore, depending on the height of the initial wave.

In the second chapter, we consider parallel numerical implementation hyperbolic
type equations with singular coefficients. Firstly, we present MPI implementation of 2D
wave equation with a distributional coefficient then CUDA implementation of 2D
tsunami wave equation and related computational results.

After we present a hybrid implementation of acoustic wave problems, then we
compare the results from the different implementations.

In a hybrid implementation, the joint use of OpenMP, CUDA and MPI
technologies to solve one problem, the result of the calculations showed that
implementation of this gives good results.

In the third chapter, we describe the software complex which we developed for
investigation of wave equation with singular coefficients. This software is open-source,
cross-platform, and written in, one of the modern programming languages Python. This
software will help researchers who investigate hyperbolic systems with singular
coefficients.

Keywords: tsunami wave equation, implicit difference scheme, parallel
computing, MPI, CUDA, numerical simulation.



INTRODUCTION

This thesis is devoted to the development of high-performance parallel algorithms
and software complex for modeling tsunami and acoustic wave equations with irregular
coefficients.

Relevance of the research topic. At present, randomly occurring and rapidly
changing processes leads to huge environmental and economic problems. Therefore, the
modeling of such processes is very important. Many such problems are modeled by
hyperbolic type equations with singular coefficients.

We are allowing h to be a (positive) distribution, for example, allowing the case
h = 1 + &, involving the §-distribution. Such type of setting appears in applications,
for example when one is looking at the behaviour of a particle in irregular
electromagnetic fields: in the case of Landau Hamiltonian on R™, and the corresponding
wave equation was analysed by the authors in [6]. While from the physical point of view
(of irregular electromagnetic fields) such situation is natural and one expects the well-
posedness, mathematically the equation is difficult to handle because of the general
impossibility to multiply distributions (recall the famous Schwartz impossibility result
from [80]).

Here if the singular coefficients are delta like function, then there is no classical
solution. To deal with such problems we use the concept of very weak solutions [5-8].

The simulation of physical processes mentioned above on a large scale and for a
long time requires large computational costs. If the computational algorithm is
sequential, then the computational costs are even larger. A temporary solution to avoid
this problem is parallelization.

Efficiently parallelizing numerical methods and algorithms on a multicore
processor was born in 2004 due to the fact that the physical limit forced the use of more
processors on a silicon crystal.

Many engineering and scientific applications often require the simultaneous
solution of a large number of equations with variable coefficients. The primary aim of
this thesis work is to take advantage of the computational power of various modern
parallel processor architectures to accelerate the computational speed of some
mathematical problems by giving new algorithms and solutions.

The purpose of the dissertation work. Development of high-performance
parallel algorithms and software complex for numerical solutions of hyperbolic type
equations with singular coefficients such as tsunami and acoustic wave equation.

Research objectives realizing the goal of the dissertation work:

1) To design and analyze finite difference schemes for the 1D and 2D hyperbolic
type equations, and to elaborate and study the implicit finite difference scheme for our
equations;

2) To solve numerically the tsunami and acoustic wave equation in one and two
dimensions by using the implicit finite difference scheme;
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3) To parallelize the sequential algorithms using CUDA and MPI technologies;

4) To develop software complex for the investigation of the wave equation with
singular coefficients.

The object of study. High-performance parallel computing, numerical methods,
parallel programming technologies, hyperbolic type partial differential equations with
singular coefficients, finite difference schemes, software application design tools.

The subject of study. Numerical analysis, numerical methods, parallel numerical
algorithms for solving tridiagonal systems, software development technologies.

Scientific novelty. Proof of the existence, uniqueness and consistency of very
weak solutions of the tsunami equation and justification by numerical modeling.

Development of a parallel algorithm for the numerical solution of the two-
dimensional wave equation with a singular coefficient using the MPI technology based
on an implicit difference scheme.

Development of a parallel algorithm for the numerical solution of the two-
dimensional tsunami equation using the CUDA technology based on an implicit
difference scheme.

Development of a parallel hybrid algorithm for the numerical solution of the two-
dimensional acoustics wave equation based on an implicit difference scheme.

Development of open-source, cross-platform software complex for numerical
solution and investigation of hyperbolic type equation with singular coefficients.

The main provision for the defense

- Proof of the existence, uniqueness and consistency of very weak solutions of

the tsunami equation and justification by numerical simulations.

- The developed parallel computational algorithm for the numerical solution of the
two-dimensional wave equation with singular coefficients.

- The developed parallel algorithm for the numerical solution of the two-
dimensional tsunami equation using the CUDA technology.

- The developed parallel hybrid algorithm for the numerical solution of the two-
dimensional acoustics wave equation.

- The developed software complex for investigation of hyperbolic type equations
with singular coefficients.

The theoretical significance of this work lies on the existence, uniqueness and
consistency of very weak solutions to the tsunami equation and justified by numerical
simulations.

The practical significance of the work is as follows:

The developed parallel algorithms for the numerical solution of hyperbolic equations
with singular coefficients are applied to simulate a tsunami in the Caspian Sea;
Developed software can be used to study waves in heterogeneous media in various fields
of science.



Volume and structure of work. The thesis consists of an introduction, 3 sections
and a conclusion, a list of references and an appendix. The total volume of the thesis is
100 pages, 40 figures, 8 tables. The list of references consists of 79 titles.

In the introduction, the relevance of the topic of the dissertation work, goals, as
well as tasks for achieving this goal are discussed. The results obtained so far, their
scientific novelty and significance are described.

In the first chapter, we present the mathematical models of hyperbolic type
equations with singular coefficients such as tsunami and acoustic wave equation. Then
we transform the partial differential equations to finite difference schemes. We compare
explicit and implicit finite difference schemes, as a result of comparing we choose
implicit schemes for our further implementation.

At the end of this chapter we use our model to study the Caspian tsunami then we
carried out numerical modeling and make different predictions related to the tsunami,
reaching the shore, depending on the height of the initial wave.

In the second chapter, we consider parallel numerical implementation of
hyperbolic type wave equations. Firstly, we present MPI implementation of 2D wave
equation with a distributional coefficient then CUDA implementation of 2D tsunami
wave equation and related computational results.

At the end of this chapter, we present a hybrid implementation of acoustic wave
problem then we compare the results of the different implementations.

In a hybrid implementation, joint use of OpenMP, CUDA and MPI technologies
to solve one problem, the result of the calculations shows that this implementation gives
very good results.

In the third chapter, we describe the software complex for investigation of wave
equation with singular coefficients. This software is open-source, cross-platform, and
written in, one of the modern programming languages Python. This software will help
researchers who investigate hyperbolic type equations with singular coefficients.

In the conclusion, conclusions of this dissertation work are presented.

Publication. On the topic of the dissertation, 9 papers have been published,
including 4 in publications recommended by the Committee for Control in the Sphere of
Education and Science of the Ministry of Education and Science of the Republic of
Kazakhstan, 2 works in peer-reviewed journals included in the international citation base
SCOPUS, 3 works 1n collections of international conferences.

1. Altybay A., Ruzhansky M., Tokmagambetov N.  Wave equation with
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1 MATHEMATICAL MODELS AND FINITE DIFFERENCE SCHEMES
OF TSUNAMI AND ACOUSTIC WAVE EQUATION

1.1 Physical background of Tsunami and acoustic wave equations

Physical background of tsunami

“Tsunami” comes from two Japanese words “tsu” (harbor, port) and “nami”
(wave). A tsunami is a huge wave caused by an earthquake on the seabed or a volcanic
eruption, displacement of the underwater crust. Tsunamis are often caused by
underwater earthquakes and are one of the most destructive natural forces in the world.
Its speed is the same as that of an airplane, destroying coastal continents and settlements.

An earthquake generates a tsunami if it is of sufficient force and there is violent
movement of the earth to cause substantial and sudden displacement of a massive
amount of water. Indeed, a tsunami is not a single wave but a series of waves, also
known as a wave train. The first wave in a tsunami is not necessarily the most
destructive. Tsunamis are not tidal waves.

When a tsunami occurs in the deep sea, its height is about 1 m, and the
propagation speed is very high, when it reaches the shallow sea, the speed begins to
grow slowly, the wave height can reach a height of 35 m. Surprisingly, tsunami waves
can be very long (as much as 60 miles, or 100 kilometers) and be as far as one hour
apart. They are able to cross entire oceans without great loss of energy. The Indian
Ocean tsunami traveled as much as 5,000 kilometers to Africa, arriving with sufficient
force to kill people and destroy property.

Scientists say that a great earthquake of magnitude 9 struck the Pacific Northwest
in 1700 and created a tsunami that caused flooding and damage on the Pacific coast of
Japan.

If we consider the worst tsunami in recent history the hardest event occurred on
December 26, 2004, a magnitude 9.1 earthquake struck northern Indonesia, affecting 14
countries in the Indian Ocean and killing about 230,000 people. July 17, 2006, a
magnitude 7.7 earthquake struck off the town of Pangandaran and set off a tsunami of 2
m high which had killed more than 300 people. March 11, 2011, a magnitude 9.0
earthquake near Tohoku caused a great tsunami struck and killed more than 18000
people.

In the Caspian Sea, earthquakes have been very frequent in recent years, for
example, 10 earthquakes in 2016, 12 earthquakes in 2017, the last earthquake in
February 2020. According to historical data, in 957 an earthquake shook the Caspian
Sea and destroyed 15 settlements in the Iranian region. On May 14, 1970, as a result of
an earthquake in the Buinak region near the epicenter of Makhachkala, a tsunami
occurred in the Caspian Sea, as a result of which 20 settlements were flooded and areas
of Makhachkala were flooded, 31 people died and 45,000 were left homeless. At the
beginning of 2000, the Russian Institute of Oceanology published a brochure entitled

9



“Tsunamis in the Caspian Sea”, which predicts a possible tsunami wave height of 3
meters in the Caspian and Black Seas. Therefore, modeling and forecasting tsunami
waves on the coast is very important.

Mathematical model of tsunami propagation

In general, the tsunami waves can be modeled by shallow water equations,
Boussinesq-type Equations, and Computational Fluid Dynamics.

The shallow water equations (SWE) are one of the tsunami propagation models.
When the wavelength is much longer than the depth of water, the equations describe
tsunami wave propagations.

The tsunami wave equation is one of the fundamental equations in many
engineering and physical sciences. So one makes predictions and simulations of the
practical interest. In this chapter we consider mathematical models and numerical
simulations of the Cauchy problem for the tsunami propagation.

Governing Equation. The fundamental equations of tsunami propagation in the
shallow water are given by Imamura and et.al [1].

ﬂ_|_a_M_|_a_N=0,
w008y, o (MN)+gpan+gn W = 0.

at  ox oy D7/3
MN o (N? on . gn > 7 _
S (D)+ay( )+gD +D7/3N\/M FNZ2=0, (1.1)

Where 7 is water surface elevation, h is the depth of the water, D = h(x,y) + 7 is the
total water depth, M and N are discharge fluxes in the x and y directions, g is the
gravitational constant, n is a coefficient of bottom friction.

The 1D case. As the first step we describe the numerical scheme of the tsunami
model, for linearized long wave equation without bottom friction in one dimensional
propagation, given by Eq.(1.2)

on oM
—+——=0
ot  Ox

d
L gD=1=0. (1.2)
Equation (1.2) are manifestatlons of mass and momentum conservation law,

respectively. Frictional terms have been ignored in our discussion of SWE.
This system can namely be reduced to one equation for the sea level,

T = 2 (H(t 0 249 1 £ (1, ). (13)

ot2

In fact, 90% of the world's tsunamis are caused by underwater earthquakes [2] so

if we want to allow a moving bottom in the model we can write tsunami model as
follows[3]:
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du(tx) 0 ou(t,x) 0%H(t,x)
o = (H(E ) =) + 502+ £t ). (1.4)

The t-dependence in H gives a moving bottom to model, such as an
under-water slide or earthquake. The above equation can be written as the following:

U (t,x) — ax(H(t, x)0,u(t, x)) + 0;:H(t,x) = f(t,x),(t,x) € (0,T) X Q,
U(O, X) = (p(X)rut(O' X) = lp(x)' (X) € -Q' (15)
u(t,x)| 00 = g(t,x),t € [0,T],
where 0 = (0, X) for some fixed X > 0.
Where u represents the free surface displacement, and H(t,x) is the still-water depth
(typically obtained from a bathymetric map).

Undisturbed water surface

Figure 1.1 — Water level profile of an example 1D case

a%u 0 (h( )au)
otz ox "W ox

The term is common for many models of physical Phenomena
1.2 Very weak solutions to tsunami equation

In this context the concept of very weak solutions introduced in [4], for the
analysis of second order hyperbolic equations with irregular coefficients, was applied in
a series of papers [5], [6] and [7] for different physical models, in order to show a wide
applicability. In [8, 9] it was applied for a damped wave equation with irregular
dissipation arising from acoustic problems and an interesting phenomenon of the
reflection of the original propagating wave was numerically observed. In all these papers
the theory of very weak solutions is dealt for time-dependent equations.
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In the recent works [10, 11, 12, 13], the authors start to study the concept of very
weak solutions for partial differential equations with space-depending coefficients [81].
2.2.1 Existence of a very weak solution. In what follows, we consider the Cauchy
problem

e (6,) = 29y Oy, (R (00, u(t, %)) = 0, (t,x) € [0,T] x R?

u(0,x) = ug(x), u(0,x) =u (x), x €RY,
with singular coefficients and initial data. Now we want to prove that it has a very weak
solution. To start with, we regularise the coefficients h; and the Cauchy data u, and u,
by convolution with a suitable mollifier , generating families of smooth functions

(hi,s)e’ (uO,e)s and (ul,e)ga that 1s

' (1.12)

hie(x) =h;*xyY.(x) fori=1,...,d (1.13)
and
uO,s(x) = Uy * lpe(x): ul,s(x) = Uy * l/)g(X), (1.14)
where
Y (x) = e 1P(x/e), €€ (0,11 (1.15)

The function y is a Friedrichs-mollifier, i.e. y € Cg (Rd), p=0and [YP=1.
Assumption 1.1 /n order to prove the well posedness of the Cauchy problem
(1.12) in the very weak sense, we ask for the regularisations of the coefficients (h;.).
and the Cauchy data (uyc)e, (Uie)e to satisfy the assumptions that there exist
Ny, Ny, N, € Ny such that
I A e [EEPRS g~ No, (1.16)
fori=1,...,d and
Mg llzS e M, Nugell 1S e e (1.17)
Remark 1.1 We note that making an assumption on the regularisation is more
general than making it on the function itself. We also mention that such assumptions on
distributional coefficients, are natural. Indeed, we know that for T € E'(R%) we can find
n € N and functions f,, € C(R?®) such that, T = 2iajzn 0% fa- The convolution of T with

a mollifier gives
Ty, = Z|a|3naafa *P, = Z|a|3nfa * 0%, = Z|a|sn g_lalfa *
(e710%YP(x/e)), (1.18)
and we easily see that the regularisation of T satisfy the above assumption. Fore more
details, we refer to the structure theorems for distributions (see, e.g. [14]).
Definition 1 (Moderateness)
i. A net of functions (f.),, is said to be H'-moderate, if there exist N € N, such that
g, s en.
ii. A net of functions (g,),, is said to be H2-moderate, if there exist N € N, such
that 1g, Il 2s e N
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iii. A net of functions (h;),, is said to be W1 *-moderate, if there exist N € N, such
that Hhe ll 10 €7V,

iv. A net of functions (u,), from C([0,T]; H*(R%)) n C*([0,T]; H*(R%)) is said to
be C1-moderate, if there exist N € N, such that
lug(t,) IS e N

forallt € [0, T].

We note that if h; € E'(R%) for i =1,...d and ug,u; € E'(R%), then the
regularisations (h;.). for i =1,...d of the coefficients and (ugc)e, (uye)e of the
Cauchy data, are moderate in the sense of the last definition.

Definition 1 (Very weak solution) The net (ug): € C([0,T]; H*(RY)) N
CL([0,T]; L>*(R%)) is said to be a very weak solution to the Cauchy problem (1.12), if
there exist

—W 1 _moderate regularisations of the coefficients h;, fori = 1,...d,
—H?%-moderate regularisation of u,,
—H-moderate regularisation of u,

such that (u.), solves the regularised problem

@Fus(t,x) — Ty Oy, (R, (005 ue(t,2)) = 0, (t,x) € [0,T] X R, u,(0,x) =

Upe(x), 0eue(0,x) =us.(x), x€ RY, (1.19)
for all £ € (0,1], and is C*-moderate.

Theorem 1.1 (Existence) Let the coefficients (h;) be positive in the sense that all
regularisations (h;), are positive, for i = 1,...,d, and assume that the regularisations
of h;, uy, uy satisfy the assumptions (1.16) and (1.17). Then the Cauchy problem (1.12)
has a very weak solution.

Proof. The nets (h;.)., for i =1,...,d and (ug¢)e, (Uyc)e are moderate by
assumption. To prove the existence of a very weak solution, it remains to prove that the
net (u,),, solution to the regularised Cauchy problem (1.22), is C1-moderate. Using the
estimates (2.2), (2.3)[81] and the moderateness assumptions (1.16) and (1.17), we arrive
at

I ug(t,-) s E—ZNO—max{Nl,Nz}’
forall t € [0, T]. This concludes the proof.

In the next sections, we want to prove the uniqueness of the very weak solution to
the Cauchy problem (1.12) and its consistency with the classical solution when the latter
exists.

Uniqueness. Let us assume that we are in the case when very weak solutions to
the Cauchy problem (1.15) exist.
Definition 2 (Uniqueness) We say that the Cauchy problem (1.12), has a unique

very weak solution, if for all families of regularisations (h; )., (hio)e (Uo,e)e (Tpe)e
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and (Uy¢)e (i) Of the coefficients h;, for i = 1,...d and the Cauchy data ugy, uq,
satisfying
lhie—hie I, 10< Cre® forall k>0,
luge —Uge ll 1< Cpe™ forall m> 0,
and lupe = Upell 2< Cpe® forall n>0,
we have lUe(t,) — Ue() Il 2< Cyel,
for all N > 0, where (u,), and (i), are the families of solutions to the related
regularised Cauchy problems.
Theorem 1.2 (Uniqueness) Let T > 0. Suppose that h;(x) = h(x) for all
i =1,..,d. Assume that for i = 1,...d, the regularisations of the coefficients h; and the

regularisations of the Cauchy data uy and u, satisfy the assumptions (1.16) and (1.17).
Then, the very weak solution to the Cauchy problem (1.12) is unique.

Proof. Let (hj e, Ug e, Uge)e, (hie, fig ¢, Uy ¢ ) be regularisations of the coefficients
i, fori = 1,...d and the Cauchy data u,, u,, and let assume that they satisfy || h; . —
e ll 1< Cre* forall k>0,
Il Upe — Ug,e ”HlS Cme™ forall m> 0,

h
h

and lupe = Upell 2< Crpe™ forall n> 0.

Let us denote by U.(t, x): = u.(t,x) — i.(t, x), where (u.), and (fi.), are the
solutions to the families of regularised Cauchy problems, related to the families
(hie Uge Use)e and (flie,ﬁo,e,ﬁl,g) ¢ Basy calculations show that U, solves the Cauchy
problem

(02U (t,x) — 2]‘-1:1 axj (hj,g(x)aijg(t, x)) =f.(t,x), (t,x)€[0,T]X RY, U:(0,x) =
(uO,s - ﬁO,E) (X), atUe(Ol X) = (ul,e - ﬁl,s) (X), XE€ Rdi (120)

where
o6, 0) = By 0y | (g ) = By ()0 e, ). (1.21)
By Duhamel’s principle (see, e.g. [15]), we obtain the following representation
U (t,x) = V(t,x) + fOtWE(x,t — s; 8)ds, (1.22)

for U, where V. (¢, x) is the solution to the homogeneous problem
OV e(t,x) — 5k, 0, (R ()0, Ve(6,%)) =0, (£,x) €[0,T] X R, V(0,x) =
(uO,s - ﬁO,E) (X), ath(O,X) = (ul,s - ﬁl,e) (X), X € Rdi (123)
and W, (x,t; s) solves
OEWe(x, £55) = Ty O, (g (005, We (. £:5)) = 0, (6,) €
[0,T] X R:, W.(x,0;s) =0, 9,W.(x,0;s) = f.(s,x), x €RE (1.24)
Taking the L? norm on both sides in (1.23) and to estimate V, and W,, we obtain
1 UG 2SNV ot fo 1 We(t—s59) 112 ds

14



1

d 7 5 ~ ~ T
< <1 + 30 Ry I, > T T T PR S N PACE

) Iz ds|. (1.25)
Let us estimate || f,(s,") Il . We have
1 fo(5) 12 B 10, [(Rye() = Ry () Oxute(s, )] 1l 2
<1 110y = 0T ol D 2 1 e = Ry ol O e N 2]
In the last inequality, we used the product rule for derivatives and the fact that

~ 2 .

Il O, (h]-,(9 — hj,g) axjug ”LZ and | (hj,(9 — h]-,g) axjug IILz can be estimated by | 6xjhj,g —
- ~ 2 .

axjhj,g Il el axjug I, and I hj,—hjell,«l axjug 2, respectively. We have by

assumption that for all i = 1,...,d, the net (ﬁi’g) ¢ 1s moderate. The net (u,), is also

moderate as a very weak solution. Thus, there exists N € N such that
1

Y A IPes €7, (1.26)

Y9 0 ue s €™ and |l dug N2 7. (1.27)

On the other hand, we have that

Fori=1,...,d, l hiy — his 1< Cre* forall k >0,
I Uo,e = Upe l 1< Crne™ forall m> 0,
and lupe =Ty ll 2< Cre™ forall n> 0.

It follows that NUC0) I 2s €, (1.28)
foralll € N.

Remark 1.2 The assumption that h;(x) = h(x) for all i =1, ...,d, in Theorem
1.2 can be removed if we know that the solution u(t, x) of the problem (1.12) is from the
class of distributions, that is, u(t,”) € E'(R%) for all t € [0, T].

Consistency. Now, we want to prove the consistency of the very weak solution
with the classical one, when the latter exists, which means that, when the coefficients
and the Cauchy data are regular enough, the very weak solution converges to the
classical one in an appropriate norm.

Theorem 1.3 (Consistency) Let h € [WY*(RY)]4 be positive. Assume that
Uy € H>(R%) and u; € HY(R%), and let us consider the Cauchy problem

ee(t, %) — 2k, 0, (R (00, u(t,x)) =0, (,x) €[0,T] x R, u(0,x) =
up(x), u(0,x) =u1(x), x€ RY, (1.29)

Let (u;), be a very weak solution of (1.29). Then, for any regularising families
hje =hj*y, withj=1,...d, ug, = up * P and u; , = uy * Y3, for any y, € (5",
v, =0, [P, =1, k=123, the net (u.), converges to the classical solution of the
Cauchy problem (1.29) in L? as ¢ - 0.

Proof. Let u be the classical solution. It solves

15



{upe(t,x) — Z]‘-lzl O, (hj(x)axju(t, x)) =0, (t,x)€[0,T]x Rd,u(O,x) =
up(x), ue(0,x) =y (x), x€R’,
and let (u.), be the very weak solution. It solves

0Fue(t,x) — £y 85, (M ()05 uc(6,%)) =0, (%) €[0,T] X R ue(0,x) =
uO,e(x): atue(olx) = ul,s(x)' X € Rd'

Let us denote by V.(¢t, x): = u.(t, x) — u(t, x). Then V; solves the problem

02V o(t,x) — 2]‘-1:1 Oy, (h]-,g(x)aijg(t, x)) =B.(tx), (t,x)€

[0,T] X R, Ve(0,%) = (uge — o) (%), 8:Ve(0,%) = (ug.—uy)(x), x€RY,
where B:(t,x):= 2]‘-1:1 axj [(hj,g(x) — hj(x))axju(t, x)] :

Once again, using Duhamel’s principle and similar arguments as in Theorem 1.3,
we arrive at

1
NZACHYFE= (1 +30 I e ||;m) [0,e = 1o 1+l e —ug Nl o+ Jo 1B (s

) I,z ds], (1.30)
where g, is estimated by
I Be(s,°) [FPRS Z]‘-Ll [II axjhj,g — axjhj Il el axju 2+l hje—hjll =l 6§ju "LZ] (1.31)
Since Il hj, — h; IIWLOO—> 0 as ¢ » 0 and that u is a classical solution, it follows that
the right hand side in the last inequality tends to 0 as € —» 0. Thus
I B:(S,) I, 0 ase— 0. (1.32)
From the other hand, for all j = 1,...,d the coefficients hj,‘,3 are bounded since
h € [WY*(R%)]% and we have that
Il Up e — U IIH1—> 0, (1.33)
and Uy e —Up ||L2—> 0, (1.34)
as ¢ tends to 0. It follows that (u,). converges to u in L2,

1.3 Finite difference schemes: 1D and 2D models

In this section, we convert 1-dimensional and 2-dimensional tsunami wave
equations into explicit and implicit difference schemes and study these schemes for
stability and accuracy.

We introduce space-time grids with steps 7, h in the variables ¢, x respectively,
that are

wp = {(tk,xi): ty, = kt;x; = ih; (k,i) € I},
0f = {(tk’xi): ty, = kt;x; = ih; (k, i) E]},

where
I={(k,i)€Z3:0<k<M;0<i<N;}
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J={(k,i) €Z3:0<M;0<i<N;}

and
X =hN,T =M.

One calculates an approximate solution from discrete points in the time-
spatial grid Qth. On this grid we approximate the problem (1.5) using the finite

difference method.
. o . ?u  ulfttoukeyl?
Discretisation. Approximate derivatives by central differences=— ~ —————

Similarly for the x and y derivatives.

1.3.1 Explicit scheme

To solve the partial differential equation (1.5) with respect to both space and time.
We approximate the time and space derivative by central difference, thus we have

u{-‘+1—2u{-‘+u{-‘_1 k u{-‘ —2u§‘+u{-‘_ Hl-k —Hl-k ué‘ —u{-‘_ k
dal? bl (ool L

or,withC = t/h

uftt = 2uk —uf 1t 4+ CZHl-k(ulZ‘Jer —2uf + ull‘_l) + TC(HL-"Jr1 — Hl")% ukf , —
uk ) + h2e2ffk (1.36)

Schematic representation of the scheme (1.39) is shown on Fig. 1.2.

/ ’ \ ti+1
S — Y W————— S t
. ® . tk-1

Figure 1.2 — Schematic visualization of the numerical scheme (1.36) for (1.5)

for (k,i) € wf, where HF: = h(kt,ih), f¥: = f(krt, ih) with initial conditions
up = @yui —u; = 21y,
For(i)€ 0, N and with boundary conditions

kK _ k —
uy = 0,uy =0

In order to compute u¥~ we need to implement the second initial condition
1 -1
u; —u;
u(0,x;) = Y(x;)) = ————+ 0(z?

17



With ¢, := 1 (x;) one can rewrite the last expression as
uyt =ul — 21, + 0(7%)

and the second time row can be calculated as

Ct
ul = u + y; + Ho(ulﬂ —2ul +u) )+ tC(HY, — Hi0)7(u?+1 -
hZTZf'O

To solve the equation (1.39), we use the simple iterative method.
von Neumann Stability Analysis

Here, we consider stability analyses for numerical scheme (1.36).

_ Ct0H
u]’.<+1 = Zu}‘ — u}‘ Ty CZH(u]’-‘Jr1 — Zu}c + u}‘_l) + ?a(ujﬂ U;_ 1)

In order to investigate the stability of the scheme we start with the usual ansatz
uk — fkeiﬁij
] 9
fk+1eiﬁij — kaeiﬂij _ Ek—leiﬁij + Cszk(eiﬁ(j+1)Ax _ Zeiﬁij + eiﬁ(j—l)Ax)
CtoH . . o
+— elﬁ(}+1)Ax _ elﬁ(}—l)Ax
2 0x ( . )
Then we divide both sides on &¥eF/A*

. CtoH
=2+ + C?H(ePr — 2 4 e7F0) 4 —

2%
E=2+&1 4+ C?2H(2cos(BAx) — 2) + ——(Zisin(ﬁAx))

(elﬁAx —e —iﬁAx)

&2 — <2 +2C?*H (—Zsin ('ng)> + Cra—(lsm(ﬁAx))> §+1=0,

which leads to the following expression for the amplification factor £(f)
After that the last expression becomes just a quadratic equation
for ¢, namely

&2 — <2 +4C*H (Sin2 (%)) + CTZ—Z(iSiTl(ﬁAJC))) E+1=0,

A 0H
a=c=1,b=2+4C*H (sin2 (%)) + Cra(isin(ﬁAx))

§1762 =1
Possibilities §; > 1,6, < 1,6, =&, =1
For stability |§| < 1s0 & = &, = 1 is true.
Solutions of the equation for ¢ () read

—b+\/b2—4ac_€ —b — Vb2 —4ac

1 2a 12 2a
Roots are equal to 1 only when roots are complex
18



b?> —4ac <0
2
—4<0

2+ 4C?*H (sin ('ng>> + C‘L’— (isin(BAx))

1+ 2C?*H (sin2 ('32ﬂ>> CroH (lsm(,BAx))

C(2CH (sm ([Mx)> + Ia—H(lSlTl(,BA?C))) < -2

2
4

-2 — _6_ (Lsm(,BAx))
Hsin? (%)

This is true always if C<1

C<

That is, the scheme is conditional stable The stability condition reads
-2 — _6_ (Lsm(,BAx))

C <
Hsin? (%)

1.3.2 Implicit scheme
For simplicity, consider the Crank-Nicolson scheme for the problem (1.5) which
is the average of the central differences about the point (i) and (i, k + 1). First we

transform the partial differential equation (1.5) into the implicit finite-difference
equation then we get
uk+1 2ul +uk 1

2 th (uf++11 —2uft ol - 2w ) -
l H i ul
( 1 O i Y = ff (1.37)
Schematic diagram of the numerical scheme (1.37) is shown on Fig. (1.3).

® @ ® t

\/j k+1
Bt S @-mmcccccccaaa ®ecmmccnaa tk
® ® o tk-1
Xj-1 X Xi+1



Figure 1.3 — Schematic visualization of the implicit numerical scheme (1.37) for

(1.5)

The equation (1.40) can be reduced to the most general form:

auk — bkt + uktl = f,)
where

a;, = TZHL" bi = th + ZTZHL" Ci = TZHL"
f,=—4h*uf + 2h*uf™ " — 2H; (w5 — 2uf ™t Ful
+27%(Hyyy — Hp)(ufiy — uf) — 20%0%f;.

The system has a tridiagonal structure so we solve it using by Thomas method and the
conditions for the correctness and stability of the Thomas method are like this:

|bl|>|al|+|cl| Vi= 1,N—1
Here, we consider stability analyses for numerical scheme (1.37).
In order to investigate the stability of the scheme we start with the usual ansatz

k _ fkeiﬁij,
€k+1ei,8ij — kaeiﬁij _ fk_leiﬁij
+ CZH(fk-I-lei'B(j-l-l)Ax _ 2{_’k+1eiﬁij + é—k+1eiﬁ(j—1)Ax + {:k—leiﬁ(j+1)Ax

. o T OH o o
_ ka_lelﬁij + fk—lelﬁ(]—l)Ax) +Eca_x($kelﬁ(]+1)Ax _ fkelﬁ(J_l)Ax)

Then we divide both sides on &¥eF/A*
f =2 — 5—1 + C2H (g(eiﬁAx —2 4 e—i,BAx) + E—l(eiﬁAx —2 4+ e_i'BAx))
T 6

2 dx
which leads to the following expression for the amplification factor £(f)

After that the last expression becomes just a quadratic equation
for &, namely

£2 (1 — 2HCsin? (ﬁzﬂ)) — £(2 + TC 2 isin(BAX))+(1-2HtCsin £5)=0

After solving the quadratic equation and some reductions we get
1§17 =1
That is, the implicit scheme (1.37) is absolutely stable.

(e ifAx __ e —iﬁAx)

for (k,i) € wf,where H¥: = h(kr ih), fF:=f (kr ih) with initial conditions
=@Q,u _u = T¢y
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For(i)€ 0, N and with boundary conditions

uk =0,uk =0,
for (i,k) € 0, N X 0, M, respectively. It is well-known, that the implicit scheme (1.37) is
unconditionally stable and it has accuracy order O(t + |h|?), see, for example [16].

1.3.3 Numerical Accuracy Analysis of 1D equation
The numerical solution requires a certain level of numerical accuracy. We

check the accuracy of we used the finite-difference scheme using absolute error and

norm error L? which is defined as
€rTaps — ”u - unum”a

L? = \/Z?:l(u - unum)zAXAYa
where u denotes the exact value and u,,,,,, denotes the approximation
When H=1 the original problem (1.6) has an exact solution with initial conditions

u(0,x) = Asin%

o mx  mct
u(t,x) = ASlTlTCOST

Table 1.1 — Maximum norm and L?norm errors

Explicit scheme Implicit scheme
Ax At max error L?> —norm max error L?> —norm
0.1 0.2 9.77658e+2 4.58484 e+2 3.23973e-1 | 1.89892¢-1
0,01 0,012 |3.93016e-2 2.29719-2 3.93029¢-3 |2.29719 e-3
0,001 0,001% |5.43811e-2 1.00549 e-2 5.43828e-3 | 1.00549 e-3
0,0001 | 0,0001? | 3.44479¢-3 1.73587 e-4 3.44154e-4 | 1.73589 ¢-4

Table 1.1 displays the convergence rate of displacement solution under grid
refinement. The convergence rates in maximum norm at the final time shows forth order

convergence
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Figure 1.4 — Comparison of exact and numerical solutions whent = 1, Ax =

0.1, At = 0.2, a) exact solution b) solution using the implicit scheme c) solution using

the explicit scheme
a) Exact } implict ) Explicit
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Figure 1.5 — Comparison of exact and numerical solutions whent = 1, Ax =
0.01,At = 0.0001, a) exact solution b) solution using the implicit scheme c) solution
using the explicit scheme

(

!

U (6, %,y) — [0 (H(t, x, y)0u(t, x,y)) + dy (H(t, x,y)0,u(t, x, y))] +
attH(t,x,y) = f(trx;y)r (t,X,Y) € (O,T) X 'Q
L u(0,x,y) = @(x,y),uc(0,x,y) = ¥(x,y), (x,y) € Q

(1.38)

u(t,x,y)|0Q =g(t,x,y),t €[0,T].
We consider this equation on the rectangular space domain. We introduce space-
time grids with steps 7, hq, h, in the variables ¢, x, y respectively that are

From Table 1 and Figures 1.4 and 1.5 we see that the explicit difference scheme

is not stable at large time steps and the implicit difference scheme is stable at large time

steps therefore, in all our calculations, we use an indistinct difference scheme.
The 2D case

The two-dimensional tsunami model

Wy = {(tkX0Y,) b, = Kt xi = thy;y, = jho; (ki) €1},
where

O, = {(tex0y)) te, =kt xi = iy, = jhi (ki) €]},

I={(k,i,j)€Z}:0<k<M;0<i<N;0<j<N,}
and

J={(k,i,j)) €EZ3:0<k<M;0<i<N;;0<j<N,}

X = thl’Y == thz,T = TM.
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When H=1 (1.38) equation has analytical solution
We adopt the unit square (x,y) € [0; 1] X [0; 1] as the spatial solution domain
with 100 elements per each side and 100 interior points, ¢ = 1, with initial condition

. . au(‘x’ y’ 0)
u(x,y,0) = sin(2nx)sin(2my), BT 0,
and u(0,y,t) = u(l,y,t) = u(x,0,t) =u(y,1,t) = 0 on the boundaries. The
analytical solution of equation (1.38) is as flows:

u(x,y,t) = cos(\2mt)sin(2nx)sin(2my).

Explicit scheme

To solve the partial differential equation (1.5) with respect to both space and time.
We approximate the time and space derivative by central difference, for simplicity, we
take N; = N, hy = h, = h and thus we have

k+1 k k-1 k k k k
u” —2ui1j+ui’j . Hk (ui+1] Zu +ul 1,j + ui’j+1—2ui’j+ui’j_1) +

T2 h2 h?

k gk k o _uk. k —_pgk k
+ <HL+1,;1 Hl,]) <u1+1,;l ul,]) _ <H1,1+:l Hl,]) ( 1]+;1 ul]) fl]: (139)
for (k,i,j) € wy,where Hi'f = h(lh) fi: "t = f(kt,ih, jh) with initial conditions

ul 0 _
= Pup Wiy T W T TP

For (i, j) € 0, N and with boundary conditions
uk =0,uf = 0.

Implicit scheme
We consider the Crank-Nicolson scheme for the problem (1.38) which is the
average of the central differences about the point (i,j) and (i,j, k + 1).

k+1

k k-1
Ui —2Ug U k+1 k+1 k+1 k-1
72 _4h2 (ul+1]_ +u;” 1]+ul+1]_2u +u’l 1])+
K k K k— K i1 =HEG (W
+1 +1 +1 1 1 i+1,j LJj i+1,j— l']
(u’l+1j_ +u;” 1]+ul+1j_2u +u;_ 1])+( h )( h >_
k k
HE L —HE ul —uk
J+1 i,j l,]+1 LiN k

It is well-known, that the implicit scheme (1.40) 1s unconditionally stable and it
has accuracy order O(7 + |h|?).

Numerical Accuracy Analysis of 2D equation.

Graphic comparisons of the exact solution with the numerical and errors are
shown in figure 1.6.

Table 1.2 — Maximum norm and L?norm errors

Explicit scheme Implicit scheme
Ax At max error L?> —norm | max error L?> — norm
0.1 0.2 1.3492e+3 7.2582e+2 1.77618e-1 | 0.47569¢-1
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0,01 0,012 |4.35651e-3 2.18914e-3 |2.45655e-3 | 1.48964e-3
0,001 0,0012 |3.52562¢-3 6.27457e-4 | 2.12562e-3 | 4.38543¢-4
0,0001 0,0001% | 2.87473e-5 1.24878e-6 | 1.87473e-3 | 1.04570e-4

Table 1.2 displays the convergence rate of displacement solution under grid
refinement. The convergence rates in maximum norm at the final time shows forth order
convergence.

Figure 1.6 — Comparison of exact and numerical solutions when t = 1, Ax =
0.01,At = 0.0001, from left to right exact solution, solution using the implicit scheme,
solution using the explicit scheme

3 8B B

1 2 30 40 50 6 70 80 S0 100 10 20 30 40 50 60 80 8 100 0 20 40 S0 €0 70 80 9 100

Figure 1.7 — Solution for time t = 1, Ax = Ay = 0,01, At = 0,0001 from left to right
exact, numerical, error
Table 1.2 and Figures 1.6 and 1.7 shows the implicit difference scheme is stable at
large time steps.

1.4 Caspian sea tsunami study

History has shown that tsunamis occur not only in large seas but also in small
seas. As described in the introductory section, there have been many earthquakes in our
Caspian Sea, and each year there are earthquakes of different magnitudes, resulting in
tsunami waves, which have been studied and predicted by scientists from Russia, Iran
and Azerbaijan. Here, scientists from these countries were engaged only in modeling
their part of the Caspian Sea. No one has studied the Kazakh side and predicted how
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high it will reach the coast in the event of a tsunami. In this section, we will model the
Aktau port and on the Caspian Sea using the model we studied, and make various
predictions.

To model a possible tsunami in the port of Aktau, we need a submarine
bathymetric map of the Caspian Sea, which we obtain from the National Centers for
Environmental Information portal[17] and a bathymetric map of the area we are going to
model is shown in figure 1.8.

asemap ~ Options ~

« Shetpe

Aqtau'® % Zhetybay

The city of Aktau is very close to the sea, as shown in Figure 1.9; 3 kilometers
from the sea there are many infrastructure, kindergartens, schools, residential areas,
shopping centers, so tsunami risk modeling is very important in this area.

Trk “Ak(au‘@
TPK "AKTay

Aktau
AkTay

Measure distance

»l1 +|@®

Total distance: 3.01 km (1.87 mi)

Figure 1.9 — Aktau coast

As a mathematical model, we get the following model described above.

utt(tr X, y) - [ax(h(xi y)axu(x: y)) + ay (h(x, y)ayu(tr X, y))] = f(t; X, y); (t, X, y)
€ (0,T) x Q
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Here H is the sea bottom topology which we get from the bathymetric map,
as a initial condition, we get a function that describes the first wave that occurs after an
earthquake. As a boundary condition, we use Dirichlet boundary condition.

The main focus here is to predict how many meters the tsunami wave will reach
the shore.

Here we simulate the Caspian Sea tsunami between Aktau and Makhachkala, as
shown in the map below fig 1.10, the distance between Aktau and Makhachkala 1s 300
km. Suppose that the initial wave from an underwater earthquake occurred between
Aktau and Makhachkala, then we can predict, relative to the height of the first wave,
how high the wave will reach Aktau and Makhachkala.

=3
0

WA
Zhetybal o
HeTiba

AL
o ‘50.‘/
0.5
k Makhachkala
Ksk

> Maxaukana
“““ Izberbash &

W3bepballl
s

Izberbash
W36ep6alll

nF{gure 1.10 — Distance between Aktau and Makhachkala and epicenter of the
initial wave

The numerical method used for 1D and 2D cases 1s very similar. Space and time
are divided into a grid. The size of the basin area was determined as 300 km by 300 km.
The distance between each grid point Ax and Ay was set equal to 0.5 km. The time step
size was set At = 1/200 s. We used a finite difference method to approximate the 2D
tsunami equation. The spatial derivatives were approximated using second-order
centered differences. Time derivatives were fitted using second-order centered
differences according to the Crank- Nicolson method.

As shown in Figure 1.8 from the Bathymetric Map of the Caspian Sea, we can
approximately determine the function of the basin profile as follow
( 0,4x,0 < x <25

10+ 1,8(x — 25),25 <x < 75
100+ 2(x — 75),75 < x < 125
200,125 < x <150
200 — 1,25(x — 150),150 < x < 230
100 — 5/3(x — 230),230 < x < 260
50 —4/3(x — 260),260 < x < 290

\ 10— (x —290),290 < x < 300

Such that the depth would range from 0 m to 200 m. We made the depth of water

to be positive at all x since very high numerical error occurs if we let depth profile be

H(x) =«
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negative-this would correspond to above sea level. The initial condition was given as a
Gaussian U.

U(0,x) = 20exp(—(x — 150)?/10)

Caspian sea bottom topology uo

04 40
-25 1 35

-50 - 30 A
=751 25
§ -100 4 S 20

=125 4 15

—-150 1 10

-175 1 5 4

-200 A 0

50 100 150 200 250 300 0 50 100 150 200 250 300

Figure 1.11 — Plot of —h, the depth of profile and initial condition

The results of this simulation are shown in Figure 1.12. As the tsunami

approached the coast, the wave slows down and the altitude increased.
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Figure 1.12 — 1D simulation results with depth profile at various time step
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Figure 1.13 — 1D simulation results without depth profile at various time step
The 2D results given as below

Time = 0.05 Time =5.0

i,

100 150 200 250 300

200

250 300 0

Time =11.75
Time = 10.0

Figure 1.14 — 2D simulation results without depth profile at various time steps
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Different predictions related to the height of the initial wave
To get the real value of the wave height, we have to convert the dimensionless
form to dimensional using the following formulations:
x=xL;y=yL;t =tT;u = uk.

Tsunami Speed Formula

9 =./gh.
Where g acceleration of gravity, h is water depth.
If we propose the initial wave occur in 150 km from Aktau city the tsunami wave
will reach to the coastal area in 56 minute.

Table 1.3 — Calculation result

Initial wave height The wave height in the sea shore
2m 294 m

3m 4.4 m

4 m 5.89m

8 m 11.75m

Considering that the shores of the Caspian Sea in Aktau are 1-3 m above the water
level. From the forecasts above, it can be seen that a strong earthquake in the middle of
the sea will cause great damage to the city of Aktau.

1.5 Numerical results

In this section, we numerically solve the 1D and 2D equations of tsunami and
acoustic waves and visualize the results. Too solve numerically we use finite difference
schemes that are shown in the previous section.

1.5.1 Numerical results of tsunami wave equation
1D tsunami wave equation. To solve the partial differential equation (1.5) we
use (1.6) and (1.7) finite difference schemes we consider two particular cases of the
coefficient h(x). Here we allow them to be distributional, in particular, to have slike
singularities. As it was theoretically outlined in [6-7] we start to analyse our problem by
regularising distributions h(x) by a parameter e, that is, we set

he(x):= (h* @) (x)
as the convolution with the mollifier

1
9e(0) = -9 (x/€)
With
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100; 0 < x < 70
hy(x) = {100 9(x— 70); 70 < x < 80
10; 80 <x < 100

. (x)_{ 100; 0 < x < 75
2 =110; 75 <x < 100

For all simulations we take At = 0,05, Ax =0,5

Plot U0 and water depth Time = 1.02
—_~ 25
40
20 20
15
= -20 ®
$ H
10
5
-80
-100 0
o 2 © L L 100 [ 20 40 60 80 100
X
Time = 4.58 Time =5.72
40 40
30 30
20 20
% 10 = 10
s s
0 0 EE—
-10 -10
-20 -20
0 20 40 60 Bb 100 E) 20 40 Gb 80 100
Figure 1.15 — Case 1 displacement of wave at different times
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Figure 1.16 — Case 2 displacement of wave at different times
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Figures 1.15-1.18 show the results of simulations obtained at different times as a
H(x) function we use the first and second cases. in the second case, the singularity is
greater than in the first case, as we can see in the figure, a small part of the wave goes
backward, and the wave height decreases slightly, and in the first case the singularity is
small and the wave does not go back, but the wave height also increases.

2D tsunami wave equation. As the 1D case for H we get same cases, we do the
same simulation for 2D case
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Figure 1.19 — Case 1 displacement of waves at different times

32



t=0.05
t=2.5

u(tx.y)
<}
o

-0.5 .
100

t=4.0
t=5.0

u(t.x.y)
u(t,x,y)

¥

Figure 1.20 — Case 1 displacement of wave at different times
In the two-dimensional model, we also consider the same two cases for the
function H (x, y) that we used in the one-dimensional case, and from these figures, we
can clearly see the small part of the wave return back in the case of a higher singularity.

1.5.2 Numerical simulations of the 1d wave equation with a distributional
coefficient and source term

In this section, we illustrate numerical experiments for the one-dimensional wave
equation with §-like terms. Our research is connecting the theory with the numerical
realisations. By using results on very weak solutions introduced by Ruzhansky with his
co-authors, we investigate a corresponding regularized problem. In contrast to our
expectations, the experiments show that the solution of the regularized problem has a
“go0d” behavior[83].

Here, we study the Cauchy-Dirichlet problem for the 1D-Wave Equation
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(0fu(t,x) — a(t)o2u(t,x) + q(t)u(t,x) = 0, (t,x) € [0,T] x [0,10],
u(t,0) =0, t€|0,T],

u(t,10) =0, t€[0,T], (1.41)
u(0,x) = uy(x), x €1[0,10],

\d;u(0,x) =uy(x), x€[0,10].

A

In this work we consider several particular cases of the coefficient a(t) and the
mass term q(t). Here we allow them to be distributional, in particular, to have §—like
singularities.

As it was theoretically outlined in [6] and [18], we start to analyse our problem by
regularising distributions a(t) and q(t) by a parameter &, that is, we set

az(t):= (ax@)(), q:(0):=(q*:)(D),
as the convolution with the mollifier
v:(t) =1 (t/e),
with

o(t) = {%el/(fzﬂ), |t| <1,0,|t] > 1,

where ¢ ~ 0.443994 to get f_ll @(t)dt = 1. Then, instead of (1.41) we consider
the regularised problem

(0 (t, %) — ac(£)0%, e (8, x) + qe(Oue(t, x) = 0, (¢,x) € [0,T] x [0,10],
u.(t,0) =0, t € [0,T],
Ju.(t,10) =0, t € [0,T], (1.42)
u:(0,x) = ug(x), x € [0,10],
\d;u:-(0,x) =0, x € [0,10].
Here, we put u;(x) = 0 and
B {el/((x—4.1)2—0.1), Ix —4.1] < 0.1,
uy(x) =
0, |[x—4.1|=0.1.
Note that supp u, c [4,4.2].
For a and q we consider the following combinations of the possible cases, with §
denoting the standard Dirac’s delta-distribution:
ca=1,q=0;
ca=1+56(t—-3),q=0;
ca=1+56(t—3),q=1;
ca=1+4+56(t—3),q=106(t—7);
ca=1+56(t—3),q=1+106(t—7);
ca=1+55(t—-3),q=1+56(t—1.5);
In Figure 1.21, we compare solutions of the problem (1.42) in different cases. In
the upper-left plot, we compare the behaviours of the solution corresponding to the cases
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(A1) and (A2) coloured by blue and red, respectively, at t = 3.2 for ¢ =0.1. In the
upper-right plot, we compare the behaviours of the solution corresponding to the cases
(A1) and (A3) coloured by blue and red, respectively, at t = 3.2 for ¢ =0.1. In the
bottom plot, we compare the behaviour of the solutions of the problem (1.42)
corresponding to the cases (Al) and (A6) coloured by blue and red, respectively, at
t = 3.2 for e = 0.1. Here when the mass term q is positive, we see that the wave level is
lower than when it is absent. But when ¢ = 1 + 56'(t — 1.5), it can be interpreted as a
quickly changeable mass (not only volume but also its sign), and we get less stable
waves, as it is shown in the plot.
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Figure 1.21 —In all plots, from right to left we see the solution of the problem
(1.42) in the case (A1) coloured by blue at ¢ = 3.2 and £ = 0.1. Red lines: in the upper-
left plot, we see the solution of the problem (1.45) in the case (A2); in the upper-right
plot, we see the solution of the problem (1.45) in the case (A3); in the bottom plot, we
see the solution of the problem (1.42) in the case (A6) att = 3.2, fore = 0.1
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Figure 1.22 — In the left plot, from up to bottom we see the solution of the
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Figure 1.24 —In the left plot, we compare the kinetic energy of the system
corresponding to the problem (1.42) in the cases (A1), coloured by blue, and (A2),
which is coloured by red, for e = 0.1. In the right plot, we compare the kinetic energy of
the system corresponding to the problem (1.42) in the cases (A3), coloured by blue, and
(B5), which is coloured by red, for e = 0.1

In Figure 1.22 in the left plot, from up to bottom we see the solution of the
problem (1.42) coloured by blue in the case (Al) and by red in the case (A2) at t =
3,3.2,3.4. In the right plot, from up to bottom we can see the solution of the problem
(1.42) coloured by blue in the case (A2) and by red in the case (B4) att = 7,7.2,7.4, for
e=0.1.

In Figure 1.23, we compare the “kinetic energy" E(t) = | 010 |0,ug(x, t)|%dx

of the system corresponding to the problem (1.42) in the case (BS5) for different
values of ¢ =0.03,0.05,0.08,0.1. In Figure 4 in the left plot, we compare the kinetic
energy of the system corresponding to the problem (1.42) in the cases (A1), coloured by
blue, and (A2), which is coloured by red, for e = 0.1. In the right plot, we compare the
kinetic energy of the system corresponding to the problem (1.42) in the cases (A3),
coloured by blue, and (B5), which is coloured by red, for e = 0.1. The analysis shows
that the kinetic energy of the singular problems is higher than the problems without §—
like terms. However, in the both cases the kinetic energy decays in time. In the left plot,
we analyse the behaviour of the kinetic energy, in particular, how it depends on the
parameter . Even if the energy function shows impulses at the shocked moments, in
general, it decays in time.

All numerical computations are made in C++ by using the sweep method. In
above numerical simulations, we used the Matlab R2017b. For all simulations we take
At =0.01, 4x = 0.1.

The analysis carried out in this section showed that the numerical methods work
well in the situations where a rigorous mathematical formulation of the problem is
difficult within the classical theory of distributions. The concept of very weak solutions
eliminates this difficulty, giving the well-posedness results for equations with s—like
coefficients. Numerical experiments showed that a notion of very weak solutions
introduced in [4] is very well adapted for numerical simulations. Moreover, by the
recently constructed theory of very weak solutions we can talk about uniqueness of the
numerical solutions to differential equations with s—like coefficients in a suitable sense.

1.5.3 Numerical results of acoustic wave equation - homogeneous case
In this section, we simulate the propagation of a two-dimensional acoustic wave
equation in a homogeneous and heterogeneous medium.
In Homogeneous case, the acoustic wave equation is given by
a?P(t,x,y) _ 2 <62P(t, x,9) N 0%P(t, x,y)) L S(txy)
ot? 0x? dy? "
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Where P is pressure, S is source term, ¢ is wave velocity.

The difference schemes of this equation are the same as the tsunami wave
equation, the only difference in the coefficient so in this section we just present
numerical simulations.

Numerical results as follow:
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Figurel.25 — Numerical result for homogeneous case

In heterogeneous case, the acoustic wave equation is given by

82P(t,x,y) — 2(x,y) 0%P(t,x,y) N d%P(t,x,v)
a2 24 dx2 9y?

+ S(t,x,y)

An heterogeneous medium, the wave velocity varies depending on the structure of
the medium. Here we consider the propagation of waves the following medium is shown
in figure 1.26, where the wave velocities differ in the white and blue regions, for
example, in our case, in the blue region, the wave speed is 580 m/s, and in the white
region, 464 m /s.
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Figure 1.27 — Numerical result for heterogeneous case

In Figure 1.27, we see the propagation of an acoustic wave in a non-homogeneous
medium, from which we find that when sound travels to another medium, its velocity
changes and occurs the phenomenon of reflection.

1.6 Conclusion

In this chapter, we have described mathematical models of tsunami and acoustic
wave equations, given the proof of existence, uniqueness and convergence of the very
weak solution to the tsunami wave equation. And constructed difference schemes for
one-dimensional and two-dimensional cases and studied these schemes for stability and
accuracy.

Modeled Caspian tsunami by the tsunami equation and made different predictions
related to the height of the initial wave. At the end of this chapter, we made numerical
simulations 1D and 2D tsunami and acoustic wave equations for 2 different cases.
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2 REVIEW OF PARALLEL NUMERICAL IMPLEMENTATION OF
HYPERBOLIC TYPE EQUATIONS

In the second chapter, we present a parallel numerical implementation of
hyperbolic wave equations. Here we propose 3 parallel algorithms, and the third
algorithm has published in the scientific journal [82].

In the first algorithm, we consider the MPI implementation of the two-
dimensional wave equation with a singular coefficient, and the second algorithm
presents the CUDA implementation of the two-dimensional tsunami equation.

At the end of this chapter, we present a hybrid implementation of the acoustic
wave problem, and then compare the results of different implementations. In a hybrid
implementation, we jointly use Open MP, CUDA and MPI technologies to solve one
problem and present the calculation results.

2.1 The architecture of parallel computing environments

Currently, there are different ways to classify the architecture of parallel
computing systems. The first common classification in the literature was proposed by M.
Flynn in the late 60s of the last century. Its classification is based on two different
stream concepts: data and commands. Here it is proposed to classify the architecture into
four classes according to the number of flows.

1. SISD (Single Instruction Single Data) - it is a single-instruction machine
architecture that operates with a single thread, that is, a single instruction that executes a
single flow. The classic von Neumann machine belongs to this architecture.

SIMD (Single Instruction, Multiple Data) is a computer computation principle that
allows parallelism at the data level. SIMD computers are composed of one command
processor (control module) called a controller and several data processing modules
called processing elements. The control module receives, analyzes and executes
commands. If the command contains data, the controller sends the command to all
processing elements, and this command is executed on some or all of the processing
elements.

3. MISD (Multiple Instruction, Simple Data) is a parallel computing architecture
in which two or more functional modules perform different operations on the same data.
Many researchers refer to this class of conveyor computers.

4. MIMD (Multiple Instruction, Multiple Data) is a computer architecture in
which several independent processors work as part of a larger system. Processing is
divided into several streams, each of which has its own processor setup, in a single
software-defined process or in multiple processes. At present, all modern
supercomputers can be included in this class. The structure of this class is shown in
Figure 2.1.
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Figure 2.1 — MIMD structure

A MIMD computer has n processors, n command streams, and t data streams.
Each processor works with its own command flow.

The machines have several processors that work asynchronously and
independently. At any given time, different processors can execute different instructions
on different pieces of data. The MIMD architecture can be used in a variety of
applications, such as CAD / CAM, modeling, and communication connectors.

The MIMD class is very broad and combines many different types of architecture
along with many computers.

MIMD systems can be divided into two subclasses: shared memory systems and
distributed memory systems. For the first type of system, it is typical for any processor
to have direct access to any of these common RAM slots. Allocated memory systems are
usually a set of computer nodes. A node is understood as a stand-alone processor with
independent RAM. In these systems, no processor can voluntarily access the memory of
another processor.
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Amdahl's Law

In the theory of parallel computing, there are some fundamental laws that limit the
results of parallelization. One such law is Amdahl's law proposed by Gene Amdahl in
1967. This law provides for the acceleration of one program in n processors based on the
prediction of the linear acceleration of the parallel part. For instance, any parallel
program consists of a non-parallelizable serial part and a parallel part, if we denote the
parallel part by p, then the serial part is 1 — p. In this case, the maximum acceleration of
parallelism in n processor S(n) is as follows

1

SO =Tyt o/m

As n increases, the speedup becomes 1/(1 — p).

Acceleration is limited by the total computing time of the serial part of the
program. For 10-hour calculations, if the 8-hour calculations are parallelizable and the 2-
hour calculations are non-parallelizable, then the maximum acceleration does not exceed
5 times.

Gustafson's law

Amdal's approach focuses on a constant-dimensional calculation because it deals
with a code that takes a constant amount of sequential calculation time.

John Gustafson, a researcher at NASA Ames Research, takes a different view:
mass parallel machines allow for calculations that have not been performed before
because they allow calculations to be performed on a very large set of data over a period
of time. In other words, the parallel platform not only speeds up the execution of the
code: it allows you to solve large problems. Thus, he concluded that the increase in the
total volume of the program was mainly due to the parallel part. Therefore, it is
concluded that the acceleration can be increased, as its own share is small when the
chain part of the total volume of the enlarged program remains unchanged.

Gustafson's law can be formulated as follows:

S(n) =1-p+ pn
where:

S - theoretical acceleration of fulfillment of all tasks;

p - share of parallel calculations; respectively, 1 — p - share of serial calculations.

Gustafson's law amended the limits of Amdal's law for fixed-volume calculations,
which do not change with the improvement of resources. Gustafson's law shows that
programmers tend to choose the amount of computations that make full use of the
resources of advanced resources - the faster the hardware, the greater the computational
volume, while maintaining the same execution time.
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According to Gustafson's law, efficiency rises to a new level, as the large volume
of the problem, which is often solved, allows to increase the volume of parallel
calculations.

The purpose of optimization using Amdal's law is to ensure the rapid operation of
the program with a constant workload, and Gustafson's law - to perform a complex
program without increasing the total execution time. This is the main difference between
the two laws.

2.2 MPI PARALLEL IMPLEMENT OF 2 WAVE EQUATION WITH A
DISTRIBUTIONAL COEFFICIENT

In this section we will discuss the numerical solution of the two-dimensional wave
equation with a distributional coefficient by the implicit difference method. The
approximation of the solution function is calculated at discrete points in the spatial grid,
based on discrete time steps. The initial values are given by the initial value condition.
First we will explain how to transform a differential equation into a finite-difference
equation, respectively, a set of finite-difference equations that can be used to calculate
an approximate solution. Then we will change this algorithm to parallelize this task on
several processors. Special focus is on improving the performance of the parallel
algorithm on different hardware platforms. In addition, we will run the implemented
algorithm on a cluster and calculate the acceleration based on the execution time from 1
to 60 processors.

2.2.1 Introduction

The application of high-performance parallel computing in mathematical
modeling opens up new possibilities for studying physical processes in longer time and
more extensive spatial domains. Currently, various high-performance parallel computing
is used in many areas. One of such applications is acoustics. One of the most important
tasks of acoustics is the problem of wave field modeling.

There is a large amount of work devoted to numerical methods developed for the
study of wave processes in recent decades. It includes a finite-difference method [25], a
finite-volume method [22], a finite-element method [26], a two-level compact ADI
method [29], an implicit Finite Difference Time Domain Methods [21], a boundary
[integral] element method [29], and spectral methods [39]. A completely non-linear
model must be applied to many problems. Most models have been developed for
technical applications. These numerical methods provide some of the most natural
methods for modeling the propagation and scattering of underlying waves in
electromagnetic, acoustic and elastic studies. However, as indicated in [28], the
aforementioned methods have several disadvantages if the second-order equations are
converted to first-order systems before discretization, especially in the presence of
several spatial dimensions. Therefore, recently, much attention has been paid to the
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development of efficient finite-difference methods that directly discretize second-order
differential equations [23, 24].

The two-dimensional approach (as a conformal method) considers a highly
idealized wave field, since even monochromatic waves in the presence of side
perturbations quickly acquire a two-dimensional structure. The difficulties encountered
are not a direct result of the increase in size. The main complication is that the problem
cannot be reduced to a two-dimensional problem, and even for the case of a two-
periodic wave field, the problem of solving the Laplace-type equation for the velocity
potential arises. Most models designed to study the three-dimensional dynamics of
waves are based on simplified equations, such as second-order perturbation methods, in
which higher-order terms are ignored. In general, it is unclear what effects are missing in
such simplified models. Our current work is motivated by recent interest in the
development and application of high-order compact difference methods for solving
partial differential equations. Obviously, higher-order compact difference schemes have
better resolution on stencils with a compact grid compared to non-compact or low-level
methods [19, 30].

For multidimensional problems, the efficiency of an implicit compact difference
scheme depends on the computational efficiency of the corresponding matrix solvers.
From this point of view, the ADI method [40] is promising because they can decompose
a multidimensional problem into a series of one-dimensional problems. It has been
shown that schemes acquired are unconditionally stable.

For the proper assignment of large domains of modeling, two- or three-
dimensional computational grids with a sufficient number of nodes are used.
Calculations on such grids require more CPU time and computer memory resources. To
accelerate the computation process, MPI technology was used in this paper, which
allows the program to operate on larger grids[84, 85].

Here we consider some issues in the numerical simulation of some problems in
the propagation of waves in acoustic on high performance computing systems.

2.2.2 Wave equation: theoretical part
We consider two-dimensional wave equation with a distributional coefficient

ZZTZ —a(®) (a—u T ZTu) =0, (t,x,y) €[0;T] x [0;1] x [0;1], 2.1)

0x2
subject to the initial conditions
u(O, X, y) = uO(xl }7); X,y € [0: l]r (22)
2V =0, x,y € [0,1], 2.3)
and boundary conditions
u(t,x,0) =0, u(t,x,l) =0, t€[0,T], x € [0,], (2.4)
u(t,0,y)=0, u(t,,y) =0, t€[0,T], y €[0,1], (2.5)
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As it was theoretically outlined in [6, 7, 18] (also, see [31, 32, 33]), we start to
analyse our problem by regularising distribution function a(t) by a parameter ¢, that is,
we get

ag(t): = (a* ¢.)(1),
as the convolution with the mollifier
0:(t) =70 (t/e),

with
1e1/<'f2+1>, t] <1,
c
0,|t] > 1,

where ¢ = 0.443994 to obtain [, @(t)dt = 1.

Hereinafter, we assume that [ = 10. Then, instead of (2.1) we consider the
regularised equation

0Zuc(t, x,y) — a.(t) (0% + 02, )u:(t,x,y) =0, (t,x,y) € [0,T] x [0,10] x

@(t) ={

[0,10]. (2.6)
Here, we put
_ el/(x=5)*+(y=5)*-05) (x—5)2+(y—5)?%2-05<0, 27
uo(x, y) 2 2 ( . )
0, (x—=5*“+(y—-5*-05=0.

We note that supp u, c [4.5,5.5] X [4.5,5.5].
Numerical experiments

We introduce a space-time grid with steps hy, h,, Trespectively, in the variables
x,y,t:

whop, = (X = thy, i = 0,N;y; = jhy,j = 0,N;t* = kt,k = 0,1,2 ...T /tau}(2.8)

and on this grid we will approximate the differential problem (2.6) with the
conditions (2.2)—(2.5) using the finite difference method.

2.2.3 Alternating direction implicit (ADI) method

The ADI (Alternating Direction Implicit) method is a finite difference scheme
and has long been used to solve partial differential equations (PDEs) in higher
dimensions. Originally it was introduced by Peaceman and Rachford [37], but many
variants have been invented throughout the years [38, 39, 40]. The ADI method uses
only implicit finite difference operators, which makes it absolutely stable in problems
that do not contain mixed derivatives. It has a fairly significant stability margin in
problems with mixed derivatives. For the problem (2.2)—(2.6) the ADI method has the
form
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k+1/2 k k-1/2 k+1/2 k+1/2 |, k+1/2
ul-']- —Zui,j+ui']- _ ak+1/2 ui+1']- —Zui‘j +ui_1’j _ 0, (2.9)
72 h?
k+1 k+1/2 |k k k k
L TR gl (uiﬁl_zuiéflmiﬁl) = 0. (2.10)
T h3

Using the implicit subscheme (2.9), the Thomas method is performed in the x

L : : : k+1/2 :
direction, with the result that we get the grid function u; i /% Tn the second fractional

time step, using the subscheme (2.10), the Thomas method is performed in the direction
of the y axis, with the result that we get the grid function ullfj-’l. The ADI method has the
order O(t%?+ h?). In the following, we demonstrate numerical simulations. All

calculations are made in C++ by using the Thomas method. For all simulations tau =
0.05,h; = h, = 0.1. In all visualization of result, we use Matlab R2018b.

~ -

0 o 0 o

Figure 2.2 — In the left plot the graphic of the initial function u, is given. The
solution of the problem u, att = 5

2.2.4 Parallel Algorithm

On the basis of these methods we wrote the code of parallel modeling for the two-
dimensional wave equation with distribution coefficient. The overlapping is based on the
way divisions of domains and keeps the implicit nature of the scheme. It corresponds to
a completely implicit interpretation of Yanenko [35]. Each processor processes one
subdomain. On each temporary step all processors update the internal knots (in parallel),
and then exchange the interface knots with the neighbors. Unlike methods of
decomposition of areas for elliptic tasks, our procedure is algebraically equivalent to
consecutive. Our strategy leads naturally to a message passing implementation. We have
chosen to use MPI in order to evaluate its ease of use and expressiveness, and also to
benefit from its portability. In accordance with the data decomposition format, Fig 2
shows the pure MPI parallelization which is designed on the basis of a sequential
algorithm by using peer-to-peer mode and standard communication mode[41]. In
another word, the parallel program is executed on a multiprocessor cluster by creating
one MPI process for each CPU on the system, and each process deals with different data
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obtained from the matrix. In this case all process interactions will happen via message-
passing.

The message passing interface (MPI) is a standardized and portable programming
interface for exchanging messages between multiple processors executing a parallel
program in distributed memory. MPI works well on a wide variety of distributed storage
architectures and is ideal for individual computers and clusters. However, MPI depends
on explicit communication between parallel processes which requires mesh
decomposition in advance due to data decomposition.

Therefore, MPI can cause load balancing and consume extra time. Our
implementation uses MPICH2 because it is a freely accessible, compact implementation
of MPI, a standard for message-passing for distributed-memory applications used in
parallel computing[17]. MPICH is Free Software and is available for most flavors of
UNIX and Microsoft Windows. MPI is standardized on many levels therefore it
provides advantage for the user. For example you will be sure that your MPI code is
executed in any MPI implementation launching on your architecture, even if the syntax
has been standardized. Because the functional behavior of MPI calls is also
standardized, your MPI calls should behave the same whatever of implementation,
which ensures portability of your parallel programs

Program start

Sequential code

Processor i Processor j Processor k Processor n

MPI INIT MPI INIT MPI INIT MPI INIT
‘lf Communication ’L Communication \Ir Communication \|f
Parallel | _____ . | Parallel [ ______ ,| Parallel o _____._ 5| Parallel
Code Code Code Code
) ) v )
MPI FINALIZE MPI FINALIZE MPI FINALIZE MPI FINALIZE
I I I ]
v

Sequential code

Figure 2.3 — Parallel model of MPI
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To parallelize the problem (2.2)—(2.6) we apply the method proposed by N.N.
Yanenko with coauthors [35]. The parallel algorithm is given in algorithm land the
YanekoMethod (*a, *b, *c, *f, *y, n) function code in github [83].

Yanenko method

The Yanenko method can be applied not only to solve a set of systems of three-
point equations, but also to solve a single system (introduced by A.A. Fedorov and A.N.
Bykov in [42]). Consider a system of linear equations with a three-diagonal matrix of
the following form:

a;yi-1+biyi + €Y1 = fi by # 0,0 = 1,2,...N = 1,boyo + coy1 =
foranyn-1 + byyn = fu (2.11)

For simplicity, let each processor have the same number of points m = K/M,
where K is the number of unknowns (in our case, K = N 4+ 1), M is the number of
processors, the indexing will be global. Thus, on a separate processor with number j
there will be only a part of the equations of system (2.11) with numbers from (j — 1) *
m + 1 to j * m, where j is the number of the processor. Denote y;.n, by z;, j = 0,...,M
and look for solutions of system (4.1) in the form

:V(j—l)*m+i = Zj_lul' + Zjvi + Wi,i = 1, . m — 1,] = 1, WM (212)
where u, v, w are solutions of the following systems of equations:

a1 + b+ cuiv1 =0, UG_1yum = L Ujun = 05 avi—1 + DV + V41 =
0,i=(—D*m+1,..jsm—1 v 1)un=0,Vum=1j=1,..M qw;_1 + bw; +
CiWit1 = fl'i Wi-1)sm = OJWj*m =0; (2.13)

Solutions of these three systems can be found by the Thomas method, and
independently on each processor. We will call them prejudices, and this stage of solving
the problem - the stage of finding prejudices.

In the equations with the numbers j * m from the system (2.11):

aj*myj*m—l + b]*myj*m + Cj*myj*m+1 = f}*m,] = 0, M, substitute  the y
combination (2.12). Thus, we obtain a system of three-point equations for finding z;,
which has the following form:

Aij—l + B]Z] + Cij+1 = F],] = 1, M — 1, B()ZO + C021 = FO;AMZM—l +
BMZM=FM (214)

with coefficients:

By = by + couy, Co = cov1, Fy = fo — coW1, 4j = QjumUjum—1,

B; = GjimVjsm-1 F bjem + CamWm+1, GG = CiamVjsm+1»

F; = f}'*m — GumWism—-1 — CpmWjsm+1,J = 1,.. M — 1,

Ay = AypanUimsm-1, By = bysm + AmsmVmean—1, Fu = fuam —
A smWMsm—1-

Let’s call this stage - the stage of finding the boundary-processor solutions. The
dimension of this system of equations is equal to the number of processors, which is
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significantly less than the number of problem points. At the last stage, we restore the
final decision using formula (2.12). So, the method of Yanenko contains three stages:

1) finding prejudices,

2) finding the boundary-processor solutions,

3) restore solution.

The first and third stages are performed independently on each device (universal
processor, accelerator or coprocessor). And the second stage requires communication
between MPI processes. Thus, the efficiency of the parallelization of the Yanenko
method directly depends on the efficiency of the parallelization of this stage.

Parallel algorithm

1: init parallel environment

2: for all MPI processes do in parallel

3: get the input parameters N, L, pi,T

4: allocate local memory wug, u, al fa, beta, U, V, W

5: Initialize ug, uy with initial values and boundary conditions

6: record time tl
7. while (t < T) do
8 forj+ 0toN-1do

9: for i « 1 to N-1 do
10: Compute a;, b;, c;, f;
11: a;, b — at?
12 ¢; +— h? + 2ar?
’ . 1/2
13: fi + u'f"_J{—?h-J_] + nf‘_J i
k+1/2 - ' . AT
14: ur_T '* + YanenkoMethod(a;,b;, c;, fi, N)
15: for i+ 0 to N-1do
16: for j «+ 1 to N-1 do
17: Compute a;,bj,cj, i, N
V.
18: aj,bj + ar”
19: cj h*® + 2at?
20: fi & uf V2 (=2h2) + uk (h2)
21: ui‘:j'l — YanenkoMethod(a;, b, ¢;, fj, N)
o ) k—1/2  k+1/2
22: su ”.”'{”,__, 2 Uy )
23 .‘i“"”j’){”f:r. uf"‘: : )
24: t+t+1
25: endwhile
26: record time t2
27: output t2- tl
28: stop parallel environment

2.2.5 Experimental Results

All calculations and tests were carried out on a personal computer core 17 8th
generation RAM 8GB and on a 60 core cluster consisting of 5 nodes, connected by a
high-speed InfiniBand HCA 40Gb/s, QDR bus. Each node contains two Intel Xeon ES5-
2620v2 6C/12T 2.10GHz 15MB processors and 8 GB of RAM. We used the personal
computer for sequential calculations and visualizing results in Matlab programs. The
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performance of a parallel algorithm is determined by calculating its speedup. Strong
scaling speedup is defined as the ratio of the best-case execution time of the sequential
algorithm for a particular problem to the worst-case execution time of the parallel
algorithm.

where T; is the computational time for running the program using one processor,
T, is the computational time running the same program with p processors. The
efficiency is defined as the ratio of speedup to the number of processors. Efficiency
measures the fraction of time for which a processor is usefully utilized.
E=3=25 ;
p pTp
where S 1s the speedup, p is the number of processors. The test results are

presented in Figure 2.4.
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Figure 2.4 — Speedup and Programs efficiency (%)
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The small cluster that we launched the tasks consists of 5 nodes, and each node
consists of 12 physical cores. These two figures from the calculation results, shows that
the number of cores up to 10 the speedup and efficiency improves significantly, since
the number of cores exceeds 10 speedup slowly rises and while the efficiency decreases,
as the grid size increases, for example N = 3000 and N = 6000, the efficiency is
significantly reduced, because the time spent on exchanging information between the
cores is quite large that the InfiniBand cable throughput for transmitting information
between supercomputers is lower than that of the motherboard information bus whom,
therefore, the effectiveness is reduced. Namely the method proposed by Yanenko to
parallelize the Thomas algorithm would be effective only if the exchange of data
between the cores is very high.

We have implemented a parallel solver for the 2D wave equation with a
distributional coefficient, using the MPI standard.

The implementation of the parallelization method of the Thomas algorithm for
solving the wave equation arising in the simulation of two-dimensional physical
processes on supercomputers has been implemented. The test results show that the
method of Yanenko is much more effective on individual nodes than a several nodes.
This means that this method is more effective on personal computers than a cluster this
is because it takes a lot of time to exchange data between nodes.

In the future, it is planned to try to apply the method of parallel-cyclic reduction
at the second stage of the Yanenko method, to investigate the possibility of increasing
the parallelization efficiency, and to use vectorization in order to increase the
acceleration from using coprocessors.

2.3 GPU computing for time depending 2D tsunami wave equation

In this section, we present the numerical implementations of the 2D tsunami wave
equation. We considered a simulation of tsunami wave propagation in the shallow water
area of the coast that was generated by an underwater earthquake using an implicit finite
difference scheme. A parallelization algorithm on GPU is given. We carry out a special
focus on improving the performance of the parallel algorithms. It is observed that the
codes running on the CUDA platform give expected results. By comparing our tests on
the GPU to those obtained by running the serial code of the same simulation on the
CPU, GPU simulations are found to run quite faster than ones run on the CPU.

The tsunami wave equation is one of the fundamental equations in many
engineering and physical science problems. In this paper we consider numerical
simulations of the Cauchy problem for the two-dimensional tsunami equation

a%u ] ou ] ou 0%H
Freim E(H(t.x,Y)g) +5(H(t,x,y)5)] t—Z=ftxy), Lxy)E
(0,T) x 0, (2.15)
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where 2 = (0,X) X (0,Y) for some fixed X,Y > 0. The initial values are given by
the initial value condition

u(0,%,y) = p(xy), ZOxY) =9pxy), KLY EL (216
where 2 = (0,X) X (0,Y). Since the domain 0 is bounded we require some
conditions on its boundary, for example, the Dirichlet boundary condition
u(t»x:YNan :g(t,x,y), t € [O,T]. (217)
where H(t,x, y) is the still-water depth (typically obtained from an electronic
map). The t-dependence in H gives a moving bottom to model, such as an underwater
slide or earthquake. In this work, we consider the more smooth singularity case as
shown below
H(t'xry) = HO(xly) + Q(t)Hl(xl.V)
this means a specific place of water bottom go up during a period of time t, and
t
' 0.5x, 0 <x <20
Hy(x,y) = {10 + 2.25(x — 20), 20<x <60 (2.18)
100, 60 < x <100

_(—10, 61 <x<7145<5y<75
Hi(x,y) = {0’ else (2.19)
here 6(t) = [62(t) — 61(t)|
6:(t) ={a, t=t,0, else (2.20)
6,(t) ={a, t<t,,0, else (2.21)
in our case Hyy = ¢p(t)H (x,y) where ¢(t) = p1.(t) — P2.(t)
2(t—to)e g? _
P1L(t) = {C((t—to)Z—sZ))Z XP (e T E<E<lote 59
0, in other cases
2(t—ty)e g? _
$24(t) = {c«t—mz—ez»z XP(gra)y T E<t<tte 55
0, in other cases
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0.1<t<0.2

Figure 2.5 — Hy(x, y)-water bottom and H, (x, y) - place where earthquakes take
place

In this work we are interested in the singular cases of the function h, source term
f, initial functions ¢ and y. To deal with the theoretical part, Ruzhansky and his co-
authors introduced so-called "very weak solutions" in [4, 6, 31, 32].

Here, we offer a finite-difference equation to calculate an approximate solution of
the boundary value problem (2.15)—(2.17). It is a subject to parallelize on GPU the
standard algorithms on CPU. Special focus is on improving the performance of parallel
computing. In addition, we run the implemented parallel code on the GPU and serial
codes on the central processor to calculate the acceleration based on the execution time.
We find out that the parallel code that runs on the GPU gives the expected results by
comparing our results to those obtained by running the serial code of the same
simulation on the CPU.

2.3.1 Preliminaries
We introduce space-time grids with steps t,h{,h, in the variables t,x,7y,
respectively, that are
whoh, = (o X Yj)ite = kT x; = thy;y; = jhy, (kL)) €13, 0 p, =
{(te, x1,¥j): 6 = kT3 = thy; y; = jhy, (k,0)) €13, (2.24)
where
I:={(k,i,j)) €Z3:0<k <M;0<i<N;;0<j<N,}

I

{(k,i,j)) €EZ3:0<k<M;0<i<N;0<j<N,}
and

53



X =hN,Y =h,N,, T =1M.

One calculates an approximate solution from discrete points in the time-spatial
grid 0p, p,. On this grid we approximate the problem (2.15)+(2.17) using the finite
difference method. For simplicity, we put N:= N; = N, and denote h:= h; = h,.
Consider the Crank-Nicolson scheme for the problem (2.15)—(2.17). First we transform
the partial differential equation (2.15) into the implicit finite-difference equation

uktl_oyk 4yl k+1 k 1 k+1 k=1

. TZZJ = ((ul-:_lj_ + +uz+1j+ul+11_2u + 11) *
(ufj-q-+11 zuk+1+u5{]+11+ui,j_+1 2u k 1+u” 1)) _|_( l+1] z})( 1+1} l])+
HE H¥ uf
( z,]+;l 1,1)( z,1+;l l.]) — fi,j (2.25)

for (k,i,)) Ew,’ll‘hz, where h{fj:=h(ih,jh), fif‘j:=f(kr, th,jh) with initial
conditions

u?J = QPij uil,j - u?,j =TQ;j (2.26)
for (i,j) € 0, N x 0, N, and with boundary conditions
u'g,j =0, ul'\‘,’j =0, uﬁfo =0, uEN =0, (2.27)

for (j,k) € 0,N X 0,M and (i, k) € 0, N x 0, M, respectively.

It is well-known, that the implicit scheme (2.25)—(2.27) is unconditionally stable
and it has accuracy order O (7 + |h|?), see, for example [16].

We solve the difference equation (2.25) by the alternating direction implicit (ADI)
method, namely, dividing it into two sub problems

/2 20+l LH1/2 k+1/2 | o k+1/2 k=1/2 k—1/2

A = (G 20 ) a2l
k 12 k= 1/2 k=172 fk 1/2

i+1, i+1, 1,

w2 - ety e oy 228

and

ukfl_ 2uk+1/2+u H;;

, k+1 k+1 k+1 k

s 4_i;é Ui — 255 Fugsy) + Ui — 2uf; +u” 1)~
H.,. 1_1-].'. uk‘, 1—ul.c'._1 _fk’
( z}+h U ( Lj+ - Lj )_% (2.29)

Now, the equation (2.15) can be solved by the ADI method in two sub-steps. At
the first sub-step, we solve the equation (2.28) in x direction:

7 k+1/2 k+1/2 k+1/2 _ &
Au l-I:I-lj/ +Bl l;- / + Cl l+1]/ = F, (2.30)
where A; = —t%h;;, B; = 21%h;; +4h?, C; = —1*h;; and F; = —8h%uf; +

(4h? + 222h; uf % — by e ui A w ) = 2kl T ) (i, —
hi)/h+ 2222
As the second sub-step, we solve the equation (2.29) in y direction:
Al + Buftt + Cuil, = F, (2.31)
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where A; = —t2hy;, B; = 2t2h; ; + 4h?, C; = —t%h;; and F; = —8h%uf; /% +
(4R + 22%h; Juf; — by T2 (Ul +ufy ) — 2he? (Wl ; + ufq ) (Rigyj —
hij)/h + 2h*T2 5.

Indeed, each of the equations (2.30) and (2.31) can be written in the matrix form
[A]U = f as follows

_bl Cl 0 O
a, b, - :
0 a,

Uy f1\

Uz f2

: "o X | : | —1°

5 bp-1  Cn-1 \ /

0 o o o 0 ay,4 by w, \fn/
Here, this system can be further simplified and solved easily. However, the

coefficients may vary at each time step for more complex applications. From a

parallelization solver point of view, we will keep the notations of the original system for
generality.

2.3.2 High-performance parallel computing

Already for several years, GPUs have been used to accelerate well parallelizable
computing, only with the advent of a new generation of GPUs with multicore
architecture, this direction began to give tangible results. The goal of this work is to
develop a parallel implementation of the finite difference method for solving two-
dimensional wave equations on a graphics processor using CUDA technology and to
study the efficiency of parallelization by comparing the time of solving two-dimensional
wave equations on a GPU and a central processor.

The graphics processing unit (GPU) is a highly parallel, multi-threaded, and
multi-core processor with enormous processing power. Its low cost and high bandwidth
floating point operations and memory access bandwidth are attracting more and more
high performance computing researchers [44]. In addition, compared to cluster systems,
which consist of several processors, computing on a GPU is inexpensive and requires
low power consumption with equivalent performance. In many disciplines of science
and technology, users were able to increase productivity by several orders of magnitude
using graphics processors [45, 46, 86].

GPU programming on NVIDIA graphics cards has become significantly easier
with the introduction at the end of 2006 of the CUDA programming language (NVIDIA
Corporation 2009a), which is relatively easy to learn because its syntax is similar to C.
With GPU becoming a viable alternative to CPU for parallel computing, aforementioned
parallel tridiagonal solvers and other hybrid methods have been implemented on GPUs

55



[47] — [54]. Zhang et al. [47] first implemented parallel cyclic reduction (PCR) and then
proposed a CR-PCR hybrid algorithm. A hybrid PCR-Thomas method was proposed by
Sakharnykh [53], and it was also studied by Zhang et al. [47]. There are many examples
in the literature of successfully using GPUs for wave propagation simulation [55] — [60].

Cyclic reduction method (CR)

Besides the Thomas method, other methods are also used to solve the system of
linear algebraic equation (SLAE) of the tridiagonal matrix, which in practice is often
more efficient. One of these methods is the cyclic reduction method. The main limitation
of this method is that it works only in cases where the matrix has a dimension equal to
the degree of two. Cyclic reduction method was invented by W. Hockney in 1965 [61]
and the CR method consists of two steps: forward reduction and backward substitution.
The forward reduction step sequentially eliminates the odd-indexed unknowns and then
unknowns are reordered and the process is continued until one equation with one
unknown is left. The backward substitution step solves the remaining one equation and
finds the unknown y, consequently finds all unknowns from the previous steps. Each
step consists of log,n — 1 sub-steps where n is the system size. In each step of forward
reduction, we update all even-indexed equations with equation i of the current system as
a linear combination of equations i,i + 1 and i — 1, so that we derive a system of only
even-indexed unknowns. Equation i has the form a;y;_; + b;y; + ¢;¥i1+1 = f;- The

updated values of a;, b;, ¢; and f; are

a; = —a;_1q;b; = by — €;_1G1 — @41q2 ¢ = —Ci41q2 fi = fi — fisaqa —
fir@2 =530 =5 (2.32)

In each step of backward substitution, we solve all odd-indexed unknowns y; in
parallel by substituting the already solved y;_; and y;,, values to equation i,

_ fi—aiyi-1—¢yis1 (2 33)

Yi bl{

Figure 2.6 shows the communication pattern of the algorithm for an 8-unknown
system.
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Y1

\l/ \l/ \l/ \l Step 1
\)l/ \)l Step 2
l><:l Step 3

. L/ \l/ Step 4
l/\l/\l/\l/ Step 5

X7 X8

Figure 2.6 — Communication pattern for CR in the 8-unknown case, showing the
dataflow between each equation, labeled y1 to y8. Letters y’ and y"’ stand for updated
equation [47].

There are:

Step 1: forward reduction reduced to a 4 unknown system

Step 2: forward reduction reduced to a 2 unknown system

Step 3: solve 2 unknown system

Step 4: backward Substitution solves the remaining 2-unknowns
Step 5: backward Substitution solves the remaining 4-unknowns

The algorithm of the Cyclic reduction method is given below:
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Algorithm 1 Sequential algorithm
1: function CRM _serial (*a. *b, *c. *f, *y. n)

2: for((=0:i<log2(n+1)-1:i++){

3: for=2"1-1;j<mj=j+2"*1){

4: offs = 2.

5: il =j - offs:

6: gl = a[j)/b[il]:

7 a2 = 1 bj);

8: b[j] = blj] - c[j - offs] * q1 - alj+ offs] * q2:
0: AN =110 - offs] * g1 - flj + offs] * g2:
10: alj] = -alj - offs] * q1:

11: c[j] = -¢c[j + offs] * q2:

12: }

13: }

14: k=(n-1)2;
15:  ylk] =flk)/b[k]:
16:  for(i=log2(n+1)-2:i>=0:1--){

17: for(j =21 - 1;j<m:j=j+ 2"*1){

18: offs = 2*;

19: il =j - offs:

20: i2=j+ offs:

21: if j! =1il)

22: Wil = (fil] - a[il] * x[il - offs] -c[il]* y[il + offs])/blil]:
23: if(j1=1i2)

24: Y[i2] = (f[i2] - a[i2] * x[i2 - offs] -¢[i2] * y[i2 + offs])/b[i2]:
25: }

26: }

27: end function

Figure 2.7 — Sequential algorithm

Using the implicit subscheme (2.28), the cyclic reduction method is performed in

the x direction, with the result that we get the grid function uffl/ ?. In the second

fractional time step, using the subscheme (2.29), the Cyclic reduction method is
performed in the direction of the y axis, with the result that we get the grid function

k+1 The Cyclic reduction algorithm has the order O(t + h?), i.e. the first order in time

upi
and the second in x and y variables. In the following, we demonstrate numerical
simulations. All calculations are made in C++ by using the Cyclic reduction algorithm.
For all simulations 4t = 0.05,4x =Ay =0.5. In all visualization of result, we use
Matlab R2018b.

For simulation we use initial condition:

U(x,y,0) =0

U:(x,y,0) = 0 and dirichlet boundary conditions. Some results are illustrated in

Fig.2.8.
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Numerical Accuracy Analysis

The numerical solution requires a certain level of numerical accuracy. We check
the accuracy of we used the finite-difference scheme using absolute error and norm error
L? which is defined as

erraps = U — Upuml| (2.34)

L? = \/Z?=1(u — Upum )2 AxAy (2.35)
where u denotes the exact value and u, denotes the approximation.
We adopt the unit square (x,y) € [0,1] X [0,1] as the spatial solution domain
with 100 elements per each side and 100 interior points, H(¢,x,y) = 1, with initial

% =0 and u(0,y,t) =u(l,y,t) =

u(x,0,t) =u(y,1,t) = 0 on the boundaries. The analytical solution of equation (2.15)
is as flows: u(x,y,t) = cos(2nV2t)sin(2nx)sin(2my).

condition u(x,y,0) = sin(2nx)sin(2my),

a) b) c)
Figure 2.10 — Solution for time t = 1,4x = Ay = 0.01, 4t = 0.001 a) exact, b)
numerical, ¢) absolute error

2.3.3 Implementation on graphics cards using CUDA

Nowadays Graphics Processing Units(GPUs) or graphics processors have evolved
from fixed-function processors specialized for three-dimensional graphics operations to
a fully programmable computing platform for a wide variety of computationally
demanding applications. Modern GPUs are massively data-parallel throughput-oriented
many-core processors capable of providing TFLOPS of computing performance and
quite high memory bandwidth compared to a high performance CPU. On the other hand,
owing to their peculiar and particular architecture, developing an efficient algorithm that
gives the high performance from the GPU, is a difficult task. Traditional algorithms
developed for scalar architectures (e.g. CPU) do not translate naturally to parallel
architectures (e.g. GPU)[62]. In this paper, we present an efficient parallel algorithm
based on the CR method for numerically solving the 2D wave equation on the GPU.
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GPU architecture

Latest NVIDIA’s computing architecture such as NVIDIA GeForce RTX 2080Ti
(Turing TU102 architecture [65]) which is used in this work is the powerful Turing
architecture, innovative technology and 11 GB of next-generation ultra-fast memory
GDDR6 make it the world’s best graphics card, as illustrated in Fig.2.11. The GPU
architecture consists of numerous cores called streaming processors (SPs), that are
grouped in a set of streaming multiprocessors (SMs). Every SM processes instructions in
a single-instruction multiple-threads (SIMT) mode and supports a multithreading
execution mechanism. The threads in groups of 32 parallel threads called warp are
created, managed, scheduled and executed by the SM. The instruction (fetch/decode),
control and warp scheduling logic are shared across all the SPs on the SM. In an
application a block represents a group of threads that can be executed serially or in
parallel. During program execution, the hardware will appoint a whole block to one SM,
although several blocks can execute in the same SM. When a SM executes one or more
thread blocks, it divides them into warps and each warp will be scheduled by a warp
scheduler for execution. one common instruction executed by a warp at the same time ,
that is why full efficiency is realized when all 32 threads of a warp agree on their
execution path.

Nvidia GeForce RTX 2080 Ti GPU (4352 cores)

PCI Express 3.0

+** | Streaming Multiprocessor(SM) 64 Cores

Streaming Multiprocessor(SM) 64 Cores

Core Core Core Y Core

S A
- 68 SMs

6MB, Shared Memory / L2 Cache

11GB, 14 GT/s, GDDR6 Memory

Figure 2.11 — Turing TU102 architecture

GPUs use areas of memory, such as global, local, constant, texture, shared, and
registers. These areas of memory have different characteristics that reflect their different
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uses in the application. Global, local, texture, and constant memory are located in
DRAM (Dynamic Random Access Memory) with relatively large access latency[63].

CUDA implementation

In 2007, NVIDIA introduced CUDA, an extension to C programming language,
for general purpose computing on graphics processors. It is designed so that its
constructions allow a natural expression of concurrency at the data level. A CUDA
program consists of two parts: a sequential program running on the CPU, and a parallel
part running on the GPU [63, 64]. The parallel part is called the kernel. A C program
using CUDA extensions hand out a large number of copies of the kernel into available
multiprocessors to be performed contemporaneously. The CUDA code consists of three
computational steps: transferring data to the global GPU memory, running the CUDA
core, and transferring the results from the GPU to the CPU memory. We have designed
a CUDA program based on cyclic reduction method (2.32) and (2.33). The algorithm for
solving the problem (2.15) is shown in Algorithm as bellow.

Implementation of 2D tsunami wave equation

Algorithm 1 Implementation of 2D tsunami wave equation

I: compute initial condition matrix u0
2. from initial condition (1.2) we can get ul=ul

3. repeat

4. forj+ 0tondo

5: fori< 1tondo

6: calculate tridiagonal system elements a;, b;, ¢;, f; and copy host to device
7: call function CR(a;, b;,¢;, fi, yi,n)

8: copy result y; from device to host Uz; j < y;

0: end for

10: end for
11: fori+ 0Otondo

12: for j « 1tondo

13: calculate tridiagonal system elements a;, b;, ¢;, f; and copy host to device
14: call function CR(a;,b;,¢;, fi,yj,n)

15: copy result y; from device to host Uy, ; « v;

16: end for

17:  end for

18:  swap(ul,Ux)
19:  swap(u0,Uy)
20: e t+AL
21 until t <=T

k—-1/2 k k+1/2 k+1
ij o Wij Wijoos Ui

calculation formula of a;, b;, ¢;, f; 1s shown 2.30, like that a;, b;, ¢j, f; is shown 2.31. The
CR() function includes 3 device functions, namely, CRM_forward(), cr_div(),

Here, u0, ul, Ux, Uy denote u respectively. The

62



and CRM_backward(), and one host function calc_dim() first we have to calculate the
block size according to the size of matrix given by algorithm 2 and step number of
forward and backward sub-steps for this we use one cycle

for (i = 0;i < log2(n + 1) - 1;i++){

stepNum = (n - pow(2.0, i + 1)) / pow(2.0, i + 1) + 1;

calc_dim(stepNum, dimBlock, dimGrid);

CRM_forward <<<dimGrid, dimBlock >>>(d_a, d_b, d_c, d_f, n, stepNum, i)
}

Algorithm2. Calculate block size

1. Function calc_dim(int stepSize, dim3 *block, dim3 *grid) {

2. if (stepSize <4) { block->x = 1;block->y =1;}

3. else if (stepSize <16) { block->x = 2;block->y = 2; }

4. else if (stepSize <64) { block->x = 4;block->y =4}

5. else if (stepSize <128) { block->x = 8;block->y = 8; }

6. else if (stepSize <256) { block->x = 16;block->y = 16; }

7. else if (stepSize <512) { block->x = 32;block->y = 32; }

8. else if (stepSize <1024) { block->x = 64;block->y = 64; }

9. else if (stepSize <2048) { block->x = 128;block->y = 128; }

10. else if (stepSize <4196) { block->x = 256;block->y = 256; }

11. grid->x = (unsigned int)ceil(sqrt((double) stepSize/ block->x));

12. grid->y = (unsigned int)ceil(sqrt((double) stepSize/ block->y));

13. End function

Here log2(n + 1) — 1 is step number and the variable stepNum is for identify

how much block size we need therefore the function calc_dim() identified block size
after that the CRM_forward() function runs log2(n + 1) — 1 times consequently the

system reduced one equation. After that we synchronize the device and will call the
cr_div() function, this function calculate two unknowns, then we use again one cycle

for (i = log2(n + 1) - 2;i >= 0;i--) {

stepNum = (n - pow(2.0, i + 1)) / pow(2.0, i + 1) + 1;

calc_dim(stepNum, dimBlock, dimGrid) ;

CRM_backward<<<dimGrid, dimBlock >>>(d_a, d_b, d_c, d_f, d_x, n, stepNum,
i);

}

Here backward substitution runs log2(n + 1) — 2 times because first backward
substitution sub-step calculated by calc_dim() function thus we calculate d_x array
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after that we will copy calculated data d, from device to host using

cudaMemcpy (y, d_x, sizeof(double)*n, cudaMemcpyDeviceToHost)

2.3.4 Experimental results

Here we show the results obtained on a desktop computer with configuration
4352 cores GeForce RTX 2080 TI, NVIDIA GPU together with a CPU Intel Core(TM)
17-9800X, 3.80 GHz, RAM 64Gb. Simulation parameters are configured as follows.
Mesh size is uniform in both directions with 4x = Ay = 0.5, and numerical time step At
is 0.05 s, and simulation time is T=5.0 s, therefore the total number of time steps is 100.
To present more realistic data, we tested six cases with domain sizes of 256 X
256,512 % 512,1024 x 1024,2048 x 2048,4096 X 4096,8192 x 8192.

In Table 2.1 we report the execution times in seconds for serial (CPU time) and
CUDA (GPU time) implementation of cyclic reduction method to the problem (2.15)-
(2.17).

Table 2.1 — Execution timing and speedup with the Intel Core(TM) 17-9800X,
3.80GHz, NVIDIA RTX 2080 TI

Domain sizes CPU time GPU time
256 x 256 0.74 0.52
512 x 512 3.39 3.01
1024 x 1024 15.46 9.5
2048 x 2048 65.95 23.6
4096 x 4096 318.42 79.66
8192 x 8192 2856.32 347.48

In this section, we have introduced a numerical solution of a two-dimensional
tsunami wave equation based on an implicit finite difference scheme using the cyclic
reduction method. We develop an approach parallelization of the cyclic reduction
method on the graphic processing unit. And we showed how we accelerated the cyclic
reduction method on the NVIDIA GPU. From the test results of table 2.3, it can be seen
that the acceleration algorithm proposed by us gives a good result.

In future work, we would also like to use the OpenCL programming language
instead of CUDA to make the code portable to non-NVIDIA hardware, including
multicore systems. Other options to investigate could be the use of compiler directives,
somewhat similar to the philosophy of OpenMP, or higher-level programming
environments.
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24 A PARALLEL HYBRID IMPLEMENTATION OF 2D ACOUSTIC
WAVE EQUATION BASED ON IMPLICIT FINITE DIFFERENCE
SCHEMES

In this section, we propose a hybrid parallel programming approach for a
numerical solution of a two-dimensional acoustic wave equation using an implicit
difference scheme for a single computer. The calculations were carried out in an implicit
finite difference scheme. First, we will transform the differential equation into an
implicit finite-difference equation and then using the ADI method we split the equation
to 2 sub-equations. Using the cyclic reduction algorithm we will calculate an
approximate solution. Then we will change this algorithm to parallelize this on GPU,
GPU+Open MP, and Hybrid (GPU+Open MP+MPI). The special focus is on improving
the performance of the parallel algorithms to calculate the acceleration based on the
execution time. We show that the code that runs on the hybrid approach gives the
expected results by comparing our results to those obtained by running the same
simulation on a classical processor core, CUDA, and CUDA+Open MP implementation.

The reduction of computational time for long-term simulation of physical
processes is a challenge and an important issue in the field of modern scientific
computing. The cost of supercomputers, CPU clusters and hybrid clusters with a large
number of GPUs are very expensive and they consume a lot of energy, which is
inaccessible and ineffective to some small laboratories and individuals.

Nowadays, new generation computers are multi-core, hybrid architecture and their
computational power is also quite high. For example, the Intel Xeon E5-2697 v2 (2S-
ES) processors theoretically computing power about 19.56 GFLOPS, and, accordingly,
the computational power of the NVIDIA TITAN Xp video card is about up to 379.7
GFLOPS. If we use the computing power of the CPU and GPU together, we can show
good results.

The goal of this work is to develop a parallel hybrid implementation of the finite-
difference method for solving two-dimensional wave equation using CUDA, CUDA +
Open MP and CUDA + OpenMP + MPI technologies and studying the parallelization
efficiency by comparing the time to solve this problem on the above various approaches.
Already for several years, GPUs have been used to accelerate well parallelizable
computing, only with the advent of a new generation of GPUs with multicore
architecture, this direction began to give palpable results.

For multidimensional problems, the efficiency of an implicit compact difference
scheme depends on the computational efficiency of the corresponding matrix solvers.
From this point of view, the ADI method [37] is promising because they can decompose
a multidimensional problem into a series of one-dimensional problems. It has been
shown that schemes acquired are unconditionally stable. For the proper assignment of
large domains of modeling, two- or three-dimensional computational grids with a
sufficient number of points are used. Calculations on such grids require more CPU time
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and computer memory resources. To accelerate the computation process, GPU, Open
MP, MPI technologies were used in this paper, which allows the program to operate on
larger grids. With GPU becoming a viable alternative to CPU for parallel computing,
aforementioned parallel tridiagonal solvers and other hybrid methods have been
implemented on GPUs [47]-[54]. In this paper, we propose 3 different parallel
programming approaches using hybrid CUDA, Open MP and MPI programming for
personal computers. There are many examples in the literature of successfully using
hybrid approaches for different simulations [66]-[71]. Here we consider some issues in
the numerical simulation of some problems in the propagation of waves in acoustic on
high performance computing systems. We consider 2d acoustic wave equation in
homogeneous medium

Pu (0% 9%u
e (W ) £, 0, (6 e y) € [0:T] X [0;1]; (2.36)

subject to the initial conditions
u(0; x,y) = o1(x,¥); x; ¥y € [0; 1]; (2.37)
ou(0,x,y)
dt

and boundary conditions
u(t,x,0) = 0,u(t,x,l) = 0,t € [0,T],x € [0,1];(2.39)

u(t,0,y) = 0,u(t,,y) = 0,t € [0,T],y € [0,1].(2.40)

= @,(x,y); x; y € [0; I]; (2.38)

We introduce a space-time grid with steps h4, h,, T respectively, in the variables x,
y, t:

wﬁlhz = {xl. = ithy,i = O,N; y;, = jha, j = O,N; t, = kt; k = O,M,M1 =
T} (2.41)

and on this grid we will approximate the differential problem (2.36) - (2.41) using
the finite difference method. For problem (2.36) the ADI method has the form

ul P uf T2 2 kel k+5 k+2 k-3 k— ; k-3
: ——\u, ;- 2u . *tu_cs.tu . —2u . +u =

72 4h i+1,j i-1,j l+1j i— 1]
k
fi, (2.42)
k+1 k+1/2
Uiy —2U; +u k+1 k+1 k+1
72 __(u’lj+1_ +u 1+ul]+1 Zu +uz} 1)
ket
fij (2.43)

2.4.1 Hybrid parallel computing model
High-performance computing uses parallel computing to achieve high levels of
performance. In parallel computing, the program is divided into many subroutines, and
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then they are all executed in parallel to calculate the required values. In this section, we
will propose a hybrid parallel approach numerical solving a two-dimensional wave
equation, for this, we use CUDA, MPI, OpenMP technologies[82].

CUDA approach. The graphics processing unit (GPU) is a highly parallel, multi-
threaded, and multi-core processor with enormous processing power. Its low cost and
high bandwidth floating point operations and memory access bandwidth are attracting
more and more high performance computing researchers [75]. In addition, compared to
cluster systems, which consist of several processors, computing on a GPU is inexpensive
and requires low power consumption with equivalent performance. In many disciplines
of science and technology, users were able to increase productivity by several orders of
magnitude using graphics processors [45,46]. The 2007, with the appearance of the
CUDA programming language, programming GPUs on NVIDIA graphics cards became
significantly simpler because its syntax is similar to C[62].

It 1s designed so that its constructions allow a natural expression of concurrency at
the data level. A CUDA program consists of two parts: a sequential program running on
the CPU, and a parallel part running on the GPU [46,64]. The parallel part is called the
kernel. A CUDA program automatically uses more parallelism on GPUs that have more
processor cores. A C program using CUDA extensions hand out a large number of
copies of the kernel into available multiprocessors to be performed contemporaneously.
The CUDA code consists of three computational steps: transferring data to the global
GPU memory, running the CUDA core, and transferring the results from the GPU to the
CPU memory. We have designed a CUDA program based on cyclic reduction method,
whose the full CR function codes are located in [74]. The algorithm for solving the
problem (1.1) is shown in Algorithm 1.

Algorithm 1 Implementation of 2D wave equation

compute initial condition matrix U0
from initial condition (I.2) we can get u=U0
while (t < tond) do
for j=0,... n
for1=0,... n
calculate ll'i{l'lu;i\ mnal system elements a;, L,_-. Ci, f
call function CR(a;,b;, ¢;. fi, yi.n)
calculate matrix Ux
for i=0,... n
for j=0,... n
calculate ll'i(lifif_’.‘ nal system elements aj, F:J'. cj, fi
call function CR(a;,b;, ¢;, fi,y;,n)
calculate matrix Uy
swap(u,Ux)
swap(U0,Uy)

t+—t+Azx

Here, u, Uy, Uy, U, denote uf’j_l/ 2, ullf i uffl/ 2, ullfj-’l respectively.
The CR() function includes 3 device functions, namely, CRM forward(); cr div(),
and CRM backward(), and one host function calc dim() first we have to calculate the
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block size according to the size of matrix and step number of forward and backward
sub-steps for this we use one cycle

for (i 0;i < log2(n + 1) - 1;i++){

stepNum = (n - pow(2.0, i + 1)) / pow(2.0, i + 1) + 1;

calc_dim(stepNum, dimBlock, dimGrid);

CRM_forward <<<dimGrid, dimBlock >>>(d_a, d_b, d_c, d_f, n, stepNum, i)
}

Here log2(n + 1) - 1 is step number and the variable stepNum is for identify how
much block size we need therefore the function calc_dim() identified block size after
that the CRM forward() function runs log2(n+1)-1 times consequently the system
reduced one equation. After that we synchronize the device and will call the cr div()
function, this function calculates two unknowns. Then we use again one cycle

for (i = log2(n + 1) - 2;i >= 0;i—-) {

stepNum = (n - pow(2.0, i + 1)) / pow(2.0, i + 1) + 1;

calc_dim(stepNum, dimBlock, dimGrid);

CRM_backward<<<dimGrid, dimBlock >>>(d_a, d_b, d_c, d_f, d_x, n, stepNum,
i);

}

here backward substitution runs log2(n + 1) - 2 times because first backward
substitution sub-step calculated by calc dim() function thus we calculate d x array after
that we will copy calculated data dx from device to host using cudaMemcpy(y, d_x;
sizeof(double) *n, cudaMemcpyDeviceToHost)

OpenMP+CUDA approach. OpenMP (Open Multi-Processing) was introduced
to provide the means to implement shared memory concurrency in FORTRAN and C/C
++ programs. In particular, OpenMP defines a set of environment variables, compiler
directives and library procedures that will be used for parallelization with shared
memory. OpenMP was specifically designed to use certain characteristics of shared
memory architectures, such as the ability to directly access memory through-out a
system with low latency and very fast shared memory locking [72]. We can easily to
parallelize loops by using MPI thread libraries and involve the OpenMP compilers. In
this way, the threads can obtain new tasks, the unprocessed loop iterations, directly from
local shared memory. The basic idea behind OpenMP is data-shared parallel execution.
It consists of a set of compiler directives, callable runtime library routines and
environment variables that extend FORTRAN, C, and C++ programs.

The unit of workers in OpenMP threads. It works well, when accessing shared
data costs you nothing. Every thread can access a variable in a shared cache or RAM. In
this paper, we will use OpenMP to solve the initial condition of the problem. Because
when solving the initial condition we use 2 cycles and we calculate one matrix for this,
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OpenMP parallel computing model is very easy to implement parallelism, and it has low
latency, high bandwidth.

Hybrid approach.

We use MPI technology to calculate the elements of the tridiagonal matrix system,
i.e a;; b;; c;; f; because these values can be calculated independently, so we can

successfully apply MPI technology here. Listing code 1 shows the program code.
LisTING 1. Calculation of ai bi_ci.fi

il (n*rank) / size;
i2 = (n*(rank + 1)) / size;
for (i = i1; i <i2; i++)
{
a_m[kk] = tau*tau;
c_m[kk] = tau*tau;

b_m[kk] = 2 * tau*tau + h#*h;

f_m[kk] = h*h#Unn[i] - 2 * h*h*uu0[il;
kk++;

}

MPI_Gather(a_m, n/size, MPI_DOUBLE, a, n/size, MPI_DOUBLE, O,
MPI_COMM_WORLD) ;

MPI_Gather(b_m, n/size, MPI_DOUBLE, b, n/size, MPI_DOUBLE, 0,
MPI_COMM_WORLD) ;

MPI_Gather(c_m, n/size, MPI_DOUBLE, c, n/size, MPI_DOUBLE, O,
MPI_COMM_WORLD) ;

MPI_Gather(f_m, n/size, MPI_DOUBLE, f, n/size, MPI_DOUBLE, 0,
MPI_COMM_WORLD) ;

if (rank == 0)

{

MPI_Bcast(a, n, MPI_DOUBLE, 0, MPI_COMM_WORLD);
MPI_Bcast(b, n, MPI_DOUBLE, 0, MPI_COMM_WORLD);

MPI_Bcast(c, n, MPI_DOUBLE, 0, MPI_COMM_WORLD);
MPI_Bcast(f, n, MPI_DOUBLE, 0, MPI_COMM_WORLD);
}

These parallel technologies, CODA, OpenMP and MPI can be combined to form a
multilayered hybrid structure, the premise is that the system has several CPU cores and

at least one graphics processor. Under this hybrid structure (Figure 2.12), we can make
better use of the advantages of another programming model.
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Figure 2.12 — Flowchart hybrid approach

2.4.2 Experimental results

In this section we show the results obtained on a desktop computer with
configuration 4352 cores GeForce RTX 2080 TI, NVIDIA GPU together with a CPU
Intel Core(TM) 17-9800X, 3.80 GHz, RAM 64Gb. Simulation parameters are configured
as follows. Mesh size is uniform in both directions with Ax = Ay = 0,01, coefficients
¢ = 1 and numerical time step At is 0.01, and simulation time is T=1.0, therefore the
total numerical time step is 50.

Using the implicit subscheme (1.7), the cyclic reduction [61] method is performed
in the x direction, with the result that we get the grid function ufjﬂ/ ? In the second

70



fractional time step, using the subscheme (1.8), the Cyclic reduction method is
performed in the direction of the y axis, with the result that we get the grid function k.
The Cyclic reduction method has the order O(t + h?), i.e. the first order in time and the
second in x and y variables.

To present more realistic data we tested four cases with large domain sizes of
1024 x 1024,2048 x 2048,4096 x 4096, and 8192 x 8192.

In Table 2.2 we report the execution times in seconds for serial (CPU time),
CUDA (GPU time), GPU+OpenMP, and CUDA+OpenMP+MPI implementation of
cyclic reduction method to the problem (2.36) - (2.41).

Table 2.2 — Execution Time (Seconds)

N  (mesh | CPU GPU GPU/Open GPU/OpenMP/MPI
size) MP

2CPUcore |4 CPU |8 CPU

core core

1024x 1024 | 48.13 24.104 |24.151 24432 23.232 |22.61
2048x 2048 | 189.677 |45.033 |45.01 35.133 33.571 |30.261
4096x 4096 | 755.614 | 122.24 | 59.996 58.797 54.223 |51.413
8192x 8192 | 3272.305 | 435.854 | 239.556 173.45 168.876 | 159.50

In this section, we proposed the numerical solution of a 2 acoustic wave equation
based on an implicit finite difference scheme using the cyclic reduction method. And we
have constructed a heterogeneous hybrid programming environment for a single PC by
combining the message passing interface MPI, OpenMP, and CUDA programming.
Also implemented parallelization of the cyclic reduction method on the graphic
processing unit. And we showed how we accelerated the cyclic reduction method on the
NVIDIA GPU. From the test results of table 1 it can be seen that the acceleration
method proposed by us gives a good result. Our hybrid CUDA/OpenMP/CPU
implementation obtained 10 -15% faster than CUDA implementation.

In future work, we plan to improve and adapt our hybrid approach for GPU
clusters and test on a GPU cluster.
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2.5 Conclusion

In the second chapter, we considered parallel numerical implementation hyperbolic
type equations with singular coefficients. Firstly, we presented MPI implementation of
2D wave equation with a distributional coefficient then CUDA implementation of 2D
tsunami wave equation and related computational results.

And, we presented a hybrid implementation of acoustic wave equation then we
compared the results from the different implementations.

In a hybrid implementation, the joint use of Open MP, CUDA and MPI technologies
to solve one problem, the result of the calculations showed that this implementation
gives very good results.
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3 SOFTWARE COMPLEX FOR THE INVESTIGATION OF THE WAVE
PROPAGATION IN 1D AND 2D WAVE EQUATION WITH SINGULAR
COEFFICIENTS

3.10verview

In this chapter, we propose a software complex for numerical simulation of wave
equation with singular coefficients therein the numerical method based on an implicit
finite difference scheme which is unconditional stable. The application is written in
Python, a modern object-oriented programming language, and it may run on all
platforms. It is simple to use, the data is processed quickly and the results being
presented in a plot and animation could save on disk. Currently, a lot of software is
being developed for the numerical solution of wave equations, in particular, software
that simulates tsunami waves, software that describes the pure wave equation, software
that describes elastic waves, and more.

Oscillations and waves are extremely important phenomena in science. In nature,
everywhere we can find oscillations and accurate estimation of wave propagation
through, from the shaking of atoms to the large tsunami phenomena, is an important
issue in science. Numerical simulation of wave propagation is fundamental in many
scientific and engineering applications. An actual task today is the study of wave
propagation in a discontinuous medium.

Wave equations are partial differential equations which describe the propagation
of various types of waves, such as acoustic, elastic and electromagnetic waves[76].
Many mathematical studies have been done on the wave equation of the singular
coefficient [p4,6,7,18,8,33,32,43].

The numerical solution of the wave equation began a long time ago and is
developing to this day, there is a large amount of work devoted to numerical methods
developed for the study of wave processes in recent decades. It includes a finite-
difference method [25], a finite-volume method [26], the finite-element method [78], a
spectral-element method [79] a two-level compact ADI method [29] , the implicit Finite
Difference Time Domain Methods [21], a boundary [integral] element method [27], and
spectral methods [36]. Most models have been developed for technical applications.

In the last decade, many numerical modeling software have been developed, most
of them are designed to model hydrodynamic processes, chemical reactions, and tsunami
wave propagation.

In this chapter, we describe a software complex for numerical simulation of the
wave equation with singular coefficients. It is based on highly accurate numerical
methods on Cartesian grids. The computational domain is approximated with a Cartesian
grid where high order fully implicit finite differences schemes are easily implemented
and very efficient and part of program code are given [84].
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3.2 Mathematical model

We describe the one-dimensional and two-dimensional wave equations with time-
varying coefficients that characterize the propagation of waves in a continuous medium.
These equations are very important in the fields of engineering and physics,
mathematics, and many scientists are working on these equations.

1D model

Pu(tx)

L) () 22D 4 b(o)
f(tx), (t,x)€ (0,T)x .(2 (3 1)
The initial values are given by the initial value condition
d
u(0,x) = 9(x), =-(0,x) = P(x), (x) €L, (3.2)
where 2 = (0,X). Since the domain 2 is bounded we require some conditions on
its boundary, for example, the Dirichlet boundary condition

02 u(t x) E)u(t x) E)u(t X)

+c(t) —=+d(t)u(t,x) =

u(t,x)|on = gt x), t€[0,T] (3.3)
where a(t),b(t),c(t),d(t) are § — like singularity function.
2D model
2
a u;i,;c,y) (t) (6 u(txy) d%u(t, xy)) n b(t) E)u(t xy) n (t) (E)u(t xy)
"’““”)) +d®ult,x,y) = f(t,x, y), t,x,y) € (0, T) X () (3.4)

where 2 = (0,X) X (0,Y) for some fixed X,Y > 0. The initial values are given by
the initial value condition

u(0,%,) = (%), 2 (0,%,) =p(xy), (xy)€L (3.5)

where 2= (0,X) X (0,Y). Since the domain 2 is bounded we require some
conditions on its boundary, for example, the Dirichlet boundary condition

u(t,x,y)oo =9t x,y), t€[0,T]. (3.6)

2.3.1 Finite difference scheme and calculation algorithm

In this section, we consider the 2D equation, therein include 1D equation.

We introduce space-time grids with steps t,hq,h, in the variables ¢, x,y,
respectively, that are

wh o, = (o X Yj)ite = kT x; = thy;y; = jhy, (kL)) €130 p, =
{(te, x1,¥j): 6 = kT3 = thy; y; = jhy, (k,0,)) €13, (3.7)

where

I:={(k,i,j)) €Z3:0<k <M;0<i<N;;0<j<N,}

L={(k,i,j)) €EZ}:0<k<M;0<i<Nj;0<j<N,}
and

X = thl,Y = thz,T = TM.
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One calculates an approximate solution from discrete points in the time-spatial
grid 0} p,. On this grid we approximate the problem (3.4)~(3.6) using the finite
difference method. For simplicity, we put N:= N; = N, and denote h:= h; = h,.
Consider the Crank-Nicolson scheme for the problem (3.4)—(3.6). First we transform the

partial differential equation (3.4) into the implicit finite-difference equation
uffl—2u5j+u{.‘j_1

k k k+1 k
72 2 ((ul-:-llj - +1 + u; +1] + u’l+1] 2u ! + u’l 1]) +
k ul l l l
(s - T 1+uu 1)) + B ety 4
k
dul, = £ (.8)

for (k,i,j) € wh, p,, Wwhere a*:=a(kt),b*:= b(kt),c*:= c(kr),d*:=
d(kt), fk: Yi= f(kt,ih,jh) Wlth initial conditions

UDj = Qg Upj = U= TP, (3.9)
for (i,j) € 0, N x 0, N, and with boundary conditions
ug =0, uy; =0, ufy =0, uffy =0, (3.10)

for (j,k) € 0,N X 0,M and (i,k) € 0, N X 0, M, respectively.

It is well-known, that the implicit scheme (3.8)—(3.10) is unconditionally stable
and it has accuracy order O(7 + |h|?), see, for example [16]. We solve the difference
equation (3.8) by the alternating direction implicit (ADI)method, namely, dividing it into
two sub problems [29]

For simulation we use initial condition:

x—04)(x—0.6)+ (y—04)(y—0.6), if0.4 <x<0.6and0.4 <y < 0.6;
Uy, 0) = {7 DG 0O+ 000 - 06), I y

U:(x,y,0) = 0 and dirichlet boundary conditions.
3.3 Software package description

The software we offer is an open-source and high-precision calculation tool,
where the algorithm is based on an implicit difference scheme and is an absolute stable.
The calculations include the following steps:

1. Selection of coefficients of variables depending on the given equation

2. Setting calculation parameters, ie setting area size, spatial and temporal steps,
and other parameters

3. Carrying out calculations, viewing the solution of the problem in the form of
animation

4. Compare the obtained results and save it in files, if necessary

The software was developed in Python 3.8 using the matplotlib libraries
(graphing), tkinter (creating a graphical interface)
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Table 3.1- Software structure

module function
one_dim_solver.py one-dimensional equation solver
two_dim_solver.py two-dimensional equation solver
gui.py Building a graphical user interface
plots.py Graphing the results of the equation
main. py The program launch module, which calls the
remaining modules and provides data exchange between
them

3.3.1 Graphical user interface

Figure 3.1 shows the graphical interface of the software package. In the left half -
the control panel consists of the following blocks: “choose singular coefficient” - choose
one of the coefficients a (t), b (t), ¢ (t), d (t) depending on the equation; “Set domain
size” - Set out of the computational area, the calculation time and steps of the calculation
grids; “Set parameters” - assign the location of the initial wave and other additional
parameters; “Set exponential parameters” - assign the degree of the selected singular
coefficient; “Status screen” - a window showing the calculation process; "Control Panel"
- start and stop the computational experiment.

In the right half is an equation and a window for graphically displaying the
calculation results.

f wave simulator - O X
10 case 2D case
Equation

P2u(t, x a*u(t, x
o)t
at? dx?

Choose singular coefficents

du(t,x du(t, x
alt) O bty <) O d i o

)
+ b(t) o +e(t) P

+ d(Du(t,x) =0

Set domain size Result windows

Domain legth, Lx= Time legth, Lt=
Domain step, h= Tlme step, tau=|0.025

Set parametrs
Eps|0.1 |Deita[1.0 | center 5 |

1.2 4

1.0 4

Set exponential parametrs 0.8
b [15 | s [15 | sd [13 |

0.6 1

Stat
atus screen 04 .
Total time is 3

1.975
[ 0.00000000e+000 5.6068609%e-024 1.94668225¢-023 6.1 0.2 9
End of the calculation, total calculation time was 5

0.0 1

-0.2

T T T T T T T T T
0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0

Control bar

Start Exit Save graphic Save animation

Figure 3.1 — Graphical user interface for 1D case
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f ‘wave simulator

1D case 2D case

Choose singular coefficents Pult,z.y #ult,z,y)  Pult,r,y) dull,z,y) Bult,ry) Gult,r,m)
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(t.x.y ). (tz.y) )

Result windows
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Set exponential parametrs
sb [15 ] se [15 | sd [15

Status screen
Total time is 5.0

Contrel bar
Start Exit Save graphic Save animation

Figure 3.2 — Graphical user interface for 2D case
3.4 Calculation example

For the computational experiment, the following parameters were selected: for the
one-dimensional case, the domain length Lx = 20.0, the grid step h = 0.5, the simulation
time Lt = 2.0, the time step tau = 0.05, the locations with the initial wave center = 6.0,
the degree for all of the coefficient is 1.5; for the two-dimensional case, the domain
length is Lx = Ly = 100.0, the grid step is h = 0.5, the simulation time is Lt = 5.0, the
time step is tau = 0.05, the initial wave position is center = 5.0, and the degree for all of
the coefficient is 1.5.

Plot U

Plot U

0

&
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Figure 3.3 — 1D simulation results regarding coefﬁ(;ients a(t),b(t),c(t),d(t)

Figure 3.3 shows the results after a separate choice of the coefficients a (t), b (t),
c (t), d (t). In all 4 cases, the main calculation parameters are the same, and from these
figures it is clear that when the coefficient a(t) is selected, the wave does not change,
when the coefficient b(t) is selected, half the wave returns, when the coefficient c(t) is
selected, the wave returns completely, when the coefficient d (t) is selected, a very
interesting situation arises when the wave reaches a critical time, the wave height does
not change and the lower part descends, the descending parts of the wave come back.
Developed software for conducting a computational experiment provides
calculation and modeling for studying the propagation of waves in which the
computation algorithm based on an absolute stable fully implicit finite difference
scheme. The computation module provides for the possibility of saving the whole
simulation in the format animation and in pictures. The obtained results might be useful
for studying wave propagation through a discontinuous medium.
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CONCLUSION

In this thesis, we have considered the numerical solution of hyperbolic type
equations with singular coefficients. As a result of comparing explicit and implicit finite
difference schemes, we have chosen an implicit finite difference scheme that is
absolutely stable. Sequential algorithm for numerical solution, implemented by the
Thomas method.

We used an implicit difference scheme to numerically solve the tsunami and
acoustic wave equations. We have theoretically proved that there exists a very weak
solution of the tsunami equation with a singular coefficient. When solving the Tsunami
equation, we investigated its coefficient under singular and non-singular cases. We used
this tsunami model to simulate a tsunami in the Caspian Sea and made different
predictions depending on the height of the initial wave.

Due to the fact that the computation time for the sequential algorithm was very
long in the long-term modeling of a large area, therefore, we began to parallelize the
sequential algorithm.

When parallelizing the Thomas method in the MPI environment, we used the
parallel method proposed by Yanenko. We have developed a parallel algorithm using
the Yanenko method for the numerical solution of a two-dimensional wave equation
with a singular coefficient in the MPI environment, the results are tested on a personal
computer and on a computing cluster. The test results show that the method of Yanenko
is much more effective on individual nodes than several nodes. This means that this
method is more effective on personal computers than a cluster because it takes a lot of
time to exchange data between nodes.

We have developed a parallel algorithm for solving a two-dimensional tsunami
equation using CUDA technology. The parallel algorithm is based on the cyclic
reduction method. The test results showed that this parallel algorithm gives good results.

We have developed a parallel hybrid algorithm for the numerical solution of a
two-dimensional acoustic wave equation for a single PC by combining the message
passing interface MPI, Open MP, and CUDA programming. Our hybrid CUDA/Open
MP/CPU implementation obtained 10 -15% faster than CUDA implementation.

For the convenience of studying one-dimensional and two-dimensional wave
equation with singular coefficients, we have developed open-source cross-platform
software. The computation algorithm of the software based on an absolute stable fully
implicit finite difference scheme. This software gives the possibility to view the
animation of the equation and save the simulation results of each time step as a picture.
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APPENDIX A

Program code of Yaneko Method

void YanekoMethod mpi(double *a, double *b, double *c, double *f, double *y,
int n)

{

int size, rank, 11, 12;

MPI Comm_size(MPI COMM_ WORLD, &size);

MPI _Comm_rank(MPI_ COMM_ WORLD, &rank);

int 1, j, k, kk, m =n/ size;

cout <<"m: " <<m <<endl;

double *ai = new double[n + 1], *bi = new double[n + 1], *ci = new double[n +
1], *fi = new double[n + 1];

double *alfa =new double[n + 1], *betta u =new double[n + 1], *betta w = new
double[n + 1], *betta v =new double[n + 1];

double *u = new double[n + 1], *v = new double[n + 1], *w = new double[n + 1],
*f1 = new double[n + 1], *f2 = new double[n + 1], *{3 = new double[n + 1];

double *a u = new double[m], *a v = new double[m], *a w = new double[m],
*y rez = new double[m];

double *alfa2 = new double[size], *betta2 = new double[size];

double *A = new double[size + 1], *B = new double[size + 1], *C = new

double[size + 1], *D = new double[size + 1], *Z = new double[size + 1];

if (rank == 0)
{
for (1 = 0;1 <n;i++)
{
aii] = a[i];
cifi] = cfi];
bi[i] = b[i];
fi[i] = 1]i];
?[i] = 1[i];
for (1= 0;1 <=n;i1++)
{
f1[1] = 0;
f2[1] = 0;
b
f3[n] =13[n-1];
filn] =fi[n - 1];
ci[0] =0;
ci[n] =0;
ai[0] = 0;



ai[n] = 0;
bi[0] = 1;
bi[n] =1;

} //end rank==0

il = (n*rank) / size;

12 = (n*(rank + 1)) / size;
MPI Bcast(ai, n + 1, MPI DOUBLE, 0, MPI COMM_WORLD);
MPI Bcast(bi,n + 1, MPI DOUBLE, 0, MPI COMM_ WORLD);
MPI Bcast(ci, n + 1, MPI DOUBLE, 0, MPI COMM_WORLD);
MPI Bcast(fl,n + 1, MPI DOUBLE, 0, MPI COMM_WORLD);
MPI Bcast(f2, n + 1, MPI DOUBLE, 0, MPI COMM_WORLD);
MPI Bcast(f3,n + 1, MPI DOUBLE, 0, MPI COMM_WORLD);
MPI_Bcast(fi,n + 1, MPI DOUBLE, 0, MPI COMM_ WORLD);

fI[i1] = 1;
f2[i2] = 1;
f3[i1] = 0;
f3[i2] = 0;
blil] = 1;
c[il]=0;

alfa[il] = -c[i11] / b[il];
betta u[il]=fl1[il]/b[il];
betta v[il]=12[i1]/b[il];
betta w[il]=f3[i1]/b[il];

for 1=11 + 1;1 <= 12;i++)

{

alfa[i] = -c[1] / (b[i] + a[i] * alfa[i - 1]);

betta u[i] = (-a[i] * betta_u[i - 1]+ f1[i]) / (b[i] + a[i] * alfa[i - 1]);
betta v[i] = (-a[i] * betta_v[i- 1]+ f2[i]) / (b[i] + a[i] * alfa[i - 1]);

betta w[i] = (-a[i] * betta w[i - 1]+ f3[i]) / (b[i] + a[i] * alfa[i - 1]);
b

u[il]=1; v[i1]=0; w[il] = 0;
u[i2]=0; v[i2] =1; w[i2] =0

for 1=12 - 1;i>11;i--)

{

u[i] = (alfa[i] * u[i + 1] + betta u[i]);

v[i] = (alfa[i] * v[i + 1] + betta v[i]);

w[i] = (alfa[i] * w[i + 1] + betta w[i]);

}
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kk =0;

for (1=1l;1 <= i2;i++)

{

a u[kk]=u[i];

a v[kk]=v[i];

a wlkk]=wl[i];

kk-++;

)

MPI Gather(a u, m, MPI DOUBLE, u, m, MPI DOUBLE, 0,
MPI_ COMM_WORLD);

MPI Gather(a v, m, MPI DOUBLE, v, m, MPI DOUBLE, 0,
MPI_ COMM_WORLD);

MPI Gather(a w, m, MPI DOUBLE, w, m, MPI DOUBLE, 0,
MPI_ COMM_WORLD);

MPI Bcast(u, n + 1, MPI DOUBLE, 0, MPI COMM_WORLD);

MPI Bcast(v, n+ 1, MPI DOUBLE, 0, MPI COMM_WORLD);

MPI Bcast(w, n + 1, MPI DOUBLE, 0, MPI COMM_WORLD);

if (rank == 0)

{

B[0]
C[0]
D[0]

b[0] + c[0] * u[1];

c[0] * v[1];

f[0] - c[0] * w[1];

A[size] = a[size*m] * u[size*m - 1];

B[size] = b[size*m] + a[size*m] * v[size*m - 1];

D[size] = f[size*m] - a[size*m] * w[size*m - 1];

for (j = 1;j<size;j++)

{

Alj] = alj*m] * ufj*m - 1];

B[j] =a[j*m] * v[j*m - 1] + b[j*m] + c[j*m] * u[j*m + 1];

Chl=cl*m] * v[j*m + 1];

D[j] =1[j*m] - a[j*m] * w[j*m - 1] - ¢[j*m] * w[j*m + 1];
b
alfa2[0] =-C[0] / B[0];
betta2[0] = D[0] / B[0];
for (i = 1;i<size;i++)
{
alfa2[i] = -C[i] / (B[i] + A[i] * alfa2[i - 1]);
betta2[i] = (-A[i] * betta2[i - 1]+ D[i]) / (B[i] + A[i] * alfa2[i - 1]);
}

Z[size] = (D[size] - A[size] * betta2[size - 1]) / (B[size] + A[size] * alfa2[size - 1]);
for (j = size - 1;) >= 0;j--)
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{
Z[j] = (alfa2[j] * Z[j + 1] + betta2[j]);
h

}
MPI_Bcast(Z, size + 1, MPL DOUBLE, 0, MPI COMM_WORLD);

y[il] = Z[rank];

y[i2] = Z[rank + 1];

for (i=1l + 1;i<i2;i++)

{

y[i] = Z[rank] * u[i] + Z[rank + 1] * v[i] + wW[i];

§

kk =0;

for (1 =11;1<12;i++)

{

y_rez[kk] = y[i];

kk-++;

h

MPI Gather(y rez, m, MPI DOUBLE, y, m, MPI DOUBLE, 0,
MPI_ COMM_WORLD);

if (rank == 0)

{

cout << "\n Yanenko result : \n";

for (i=0;1<n;i++)

cout<<y[i] <<<"™

h

delete[] alfa, betta_u, betta w, betta v;

delete[] u, v, w, f1, 12, 3;

delete[]a u,a v,a w,y rez;

delete[] alfa2, betta2;

delete[] A, B, C, D, Z;

} //End ThomasMethod
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Appendix B
Program code of software complex

class OOP():

def init (self):

self.win = tk.Tk()
self.win.title("wave simulator")
self.win.geometry('1024x600")
self.createWidgets()

def createWidgets(self):

tabControl = ttk.Notebook(self.win)

tabl = ttk.Frame(tabControl)

tab2 = ttk.Frame(tabControl)

tabControl.add(tabl, text="1D case")

tabControl.add(tab2, text="2D case')

tabControl.pack(expand=1, fill="both")

self.monty0 = ttk.LabelFrame(tabl, text='"Choose singular coefficents')
self.monty0.grid(row=0, column=0, columnspan=6, padx=4, pady=4)
self.varl = tk.IntVar()

self.var2 = tk.IntVar()

self.var3 = tk.IntVar()

self.var4 = tk.IntVar()

ttk.Checkbutton(self.monty0,

text="a(t)",variable=self.var1,width=10,offvalue=0).grid(row=0, column=0)

ttk.Checkbutton(self.monty0,

text="b(t)",variable=self.var2,width=10).grid(row=0, column=1)

ttk.Checkbutton(self.monty0,

text="c(t)",variable=self.var3,width=10).grid(row=0, column=2)

ttk.Checkbutton(self.monty0,

text="d(t)",variable=self.var4,width=10).grid(row=0, column=3)

pady=4)

pady=4)

pady=4)

self.montyl = ttk.LabelFrame(tabl, text="Set domain size")
self.montyl.grid(row=1, rowspan=2, column=0, columnspan=6, padx=4,

ttk.Label(self.montyl, text="Domain legth, Lx=").grid(row=1, column=0,

self.lx_f=ttk.Entry(self.montyl,width=11)

self.lx_f.grid(row=1, column=1)

self.1x_flinsert(10, 20.0)

ttk.Label(self.montyl, text="Time legth, Lt=").grid(row=1, column=2,

self.lt f=ttk.Entry(self.montyl,width=11)
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self.lt f.grid(row=1, column=3)
self.lt f.insert(10, 2.0)

ttk.Label(self.montyl, text="Domain step, h=").grid(row=2, column=0,

pady=4)

self.h f=ttk.Entry(self.montyl,width=11)

self.h f.grid(row=2, column=1)

self.h_f.insert(10, 0.05)

ttk.Label(self.montyl, text="Time step, tau=").grid(row=2, column=2,
pady=4)

self.t f=ttk.Entry(self.montyl,width=11)

self.t f.grid(row=2, column=3)

self.t_finsert(10, 0.025)

self.monty2 = ttk.LabelFrame(tabl, text="Set parametrs')

self.monty2.grid( row=3, column=0, columnspan=6, padx=4, pady=4)

ttk.Label(self.monty2, text="Eps").grid(row=3, column=0, pady=4)

self.ep f=ttk.Entry(self.monty2,width=10)

self.ep f.grid(row=3, column=1)

self.ep f.insert(10, 0.1)

ttk.Label(self.monty2, text="Delta").grid(row=3, column=2, pady=4)

self.d f=ttk.Entry(self.monty2,width=10)

self.d f.grid(row=3, column=3)

self.d finsert(10, 1.0)

ttk.Label(self.monty2, text="Center").grid(row=3, column=4,
pady=4,padx=4)

self.c_f=ttk.Entry(self.monty2,width=10)

self.c_f.grid(row=3, column=5)

self.c_f.insert(10, 5)

self.monty3 = ttk.LabelFrame(tabl, text="Set exponential parametrs')

self.monty3.grid(row=4, column=0, columnspan=6, padx=4, pady=4)

ttk.Label(self.monty3, text="Sb").grid(row=4, column=0, pady=4)

self.Sb_f=ttk.Entry(self.monty3,width=11)

self.Sb_f.grid(row=4, column=1,padx=8)

self.Sb_f.insert(10, 1.5)

ttk.Label(self.monty3, text="Sc").grid(row=4, column=2, pady=4)

self.Sc_f=ttk.Entry(self.monty3,width=11)

self.Sc_f.grid(row=4, column=3,padx==8)

self.Sc_f.insert(10, 1.5)

ttk.Label(self.monty3, text="Sd").grid(row=4, column=4, pady=4,padx=8)

self.Sd_f=ttk.Entry(self.monty3,width=11)

self.Sd_f.grid(row=4, column=5)
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self.Sd_f.insert(10, 1.5)
self.monty4 = ttk.LabelFrame(tab1, text="Status screen')

self.monty4.grid(row=5, column=0, columnspan=6, padx=4, pady=4)

scrollb = ttk.Scrollbar(self.monty4)
scrollb.grid(row=5, column=0, columnspan=4, pady=4)
self.listbox = tk.Listbox(self.monty4,width=50)

self.listbox.grid(row=5, column=0, columnspan=4, pady=2, padx=S8)

self.listbox.config(yscrollcommand=scrollb.set)
scrollb.config(command=self.listbox.yview)
self.monty5 = ttk.LabelFrame(tab1, text="Control bar")

self.monty5.grid(row=6, column=0, columnspan=6, padx=4, pady=4)

ttk.Button(self.monty5,text="Start",
width=25,command=self.esepte).grid(row=6, column=0, columnspan=3)

ttk.Button(self.monty5, text='Exit', width=25, command=quit).grid(row=06,

column=3,columnspan=3)
self.monty6 = ttk.LabelFrame(tabl, text='"Equation’',width=512)
self.monty6.grid(row=0,column=6, columnspan=3, pady=4)
load = Image.open("waveld.jpg")
render = ImageTk.PhotoImage(load)
img = ttk.Label(self.monty6, image=render)
img.image = render
img.grid(row=0, column=6,columnspan=3,rowspan=2)
self.monty7 = ttk.LabelFrame(tab1, text='"Result windows'")
self.monty7.grid(row=1,column=6, columnspan=2, padx=4,
rowspan=5)

pady=4,

self.c = tk.Canvas(self.monty7, width = 600, height = 400, bg = 'white")

self.c.grid(row=1, column=6, columnspan=2, rowspan=5)

self.monty8 = ttk.LabelFrame(tabl, text=" ")

self.monty8.grid(row=6, column=6, padx=4, pady=4)

ttk.Button(self.monty8,text="Save
width=25,command=self.esepte).grid(row=6, column=6)

ttk.Button(self.montys, text="Save animation',
command=quit).grid(row=6, column=7)

i 2D

graphic",

width=25,

self.tab2 0 = ttk.LabelFrame(tab2, text='"Choose singular coefficents')
self.tab2 0.grid(row=0, column=0, columnspan=6, padx=4, pady=4)

self.val = tk.IntVar()
self.va2 = tk.IntVar()
self.va3 = tk.IntVar()
self.va4 = tk.IntVar()
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ttk.Checkbutton(self.tab2 0,
text="a(t)",variable=self.val ,width=10,offvalue=0).grid(row=0, column=0)
ttk.Checkbutton(self.tab2 0,
text="b(t)",variable=self.va2,width=10).grid(row=0, column=1)
ttk.Checkbutton(self.tab2 0,
text="c(t)",variable=self.va3,width=10).grid(row=0, column=2)
ttk.Checkbutton(self.tab2 0,
text="d(t)",variable=self.va4,width=10).grid(row=0, column=3)
self.tab2 1 = ttk.LabelFrame(tab2, text='"Set domain size')
self.tab2 1.grid(row=1, rowspan=2, column=0, columnspan=6, padx=4,

pady=4)

ttk.Label(self.tab2 1, text="Domain legth, Lx=Ly=").grid(row=1, column=0,
pady=4)

self.Ix f=ttk.Entry(self.tab2 1,width=10)

self.lx f.grid(row=1, column=1)

self.lx f.insert(10, 100.0)

ttk.Label(self.tab2 1, text="Time legth, Lt=").grid(row=1, column=2,
pady=4)

self.lt f=ttk.Entry(self.tab2 1,width=10)

self.lt f.grid(row=1, column=3)

self.lt f.insert(10, 5.0)

ttk.Label(self.tab2 1, text="Domain step, h=").grid(row=2, column=0,
pady=4)

self.h f=ttk.Entry(self.tab2 1,width=10)

self.h_f.grid(row=2, column=1)

self.h_finsert(10, 0.5)

ttk.Label(self.tab2 1, text="Time step, tau=").grid(row=2, column=2,
pady=4)

self.t f=ttk.Entry(self.tab2 1,width=10)

self.t f.grid(row=2, column=3)

self.t finsert(10, 0.5)

self.tab2 2 = ttk.LabelFrame(tab2, text='Set parametrs')

self.tab2 2.grid( row=3, column=0, columnspan=6, padx=4, pady=4)
ttk.Label(self.tab2 2, text="Eps").grid(row=3, column=0, pady=4)
self.ep f=ttk.Entry(self.tab2 2,width=10)

self.ep f.grid(row=3, column=1)

self.ep f.insert(10, 0.1)

ttk.Label(self.tab2 2, text="Delta").grid(row=3, column=2, pady=4)
self.d f=ttk.Entry(self.tab2 2,width=10)

self.d f.grid(row=3, column=3)

self.d f.insert(10, 1.0)
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ttk.Label(self.tab2 2, text="Center").grid(row=3, column=4,
pady=4,padx=4)

self.c_f=ttk.Entry(self.tab2 2,width=10)

self.c_f.grid(row=3, column=5)

self.c_f.insert(10, 5)

self.tab2 3 = ttk.LabelFrame(tab2, text='Set exponential parametrs')

self.tab2 3.grid(row=4, column=0, columnspan=6, padx=4, pady=4)

ttk.Label(self.tab2 3, text="Sb").grid(row=4, column=0, pady=4)

self.Sb_f=ttk.Entry(self.tab2 3,width=11)

self.Sb_f.grid(row=4, column=1,padx=S8)

self.Sb_f.insert(10, 1.5)

ttk.Label(self.tab2 3, text="Sc").grid(row=4, column=2, pady=4)

self.Sc_f=ttk.Entry(self.tab2 3,width=11)

self.Sc_f.grid(row=4, column=3,padx=8)

self.Sc_f.nsert(10, 1.5)

ttk.Label(self.tab2 3, text="Sd").grid(row=4, column=4, pady=4,padx==8)

self.Sd_f=ttk.Entry(self.tab2 3,width=11)

self.Sd_f.grid(row=4, column=5)

self.Sd_f.insert(10, 1.5)

self.tab2 4 = ttk.LabelFrame(tab2, text='Status screen')

self.tab2 4.grid(row=5, column=0, columnspan=6, padx=4, pady=4)

self.listbox2 = tk.Listbox(self.tab2 4,width=50)

self.listbox2.grid(row=5, column=0, columnspan=4, pady=2, padx=8)

self.listbox2.config(yscrollcommand=scrollb.set)

self.tab2 5 = ttk.LabelFrame(tab2, text='"Control bar")

self.tab2 5.grid(row=6, column=0, columnspan=6, padx=4, pady=4)

ttk.Button(self.tab2 5,text="Start",
width=25,command=self.esepte2).grid(row=6, column=0, columnspan=3)

ttk.Button(self.tab2 5, text="Exit', width=25, command=quit).grid(row=06,
column=3,columnspan=3)

self.tab2 6 = ttk.LabelFrame(tab2, text="Equation',width=512)

self.tab2 6.grid(row=0,column=6, columnspan=3, pady=4)

load = Image.open("wave2d.jpg")

render = ImageTk.PhotoIlmage(load)

img = ttk.Label(self.tab2 6, image=render)

img.image = render

img.grid(row=0, column=6,columnspan=3,rowspan=2)

self.tab2 7 = ttk.LabelFrame(tab2, text='"Result windows')

self.tab2 7.grid(row=1,column=6, columnspan=2, padx=4, pady=4,
rowspan=5)

self.c = tk.Canvas(self.tab2 7, width = 600, height = 400, bg = 'white")
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self.c.grid(row=1, column=6, columnspan=2, rowspan=5)
self.tab2 8 = ttk.LabelFrame(tab2, text='")
self.tab2 8.grid(row=6, column=6, padx=4, pady=4)

ttk.Button(self.tab2 8 text="Save graphic",
width=25,command=self.esepte2).grid(row=6, column=6)
ttk.Button(self.tab2 8, text='Save animation', width=25,

command=quit).grid(row=6, column=7)
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